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Abstract—A class of deterministic relay networks with no
interference is considered. Such networks were studied by M.
R. Aref, who showed that the unicast capacity has a max-flow,
min-cut interpretation. These networks are here called Aref
networks. It is shown that the multicast capacity of acyclic
Aref networks also has a max-flow, min-cut interpretation.

|. Introduction

Consider a network represented by a directed graph
G = (V,€), where V and £ are the sets of vertices and
directed edges respectively. For example, the graph might
represent a communication network where the vertices are
terminals and the edges are channels. In this paper, we
are interested in deterministic relay networks with no in-
terference. These networks were introduced by Aref [1]
and we call such networks Aref networks. Such networks
have one input X, associated with every vertex u, and one
output Yy, associated with every edge (u,v). By determin-
istic, we mean that Y,, ,, is some deterministic function of
X, Thisrestriction clearly permits broadcasting, since the
outgoing edges of a vertex share a common input. By no
interference, we mean that Y,, ,, is a function of X, only.
We are further interested in the multicast scenario where
one message is to be transmitted from one vertex to one or
more other vertices. The maximum rate at which one can
transmit is called the multicast capacity.

For example, a deterministic wired network with inde-
pendent channels is a special case of Aref networks by col-
lecting the inputs to all the outgoing edges from a particu-
lar vertex as a vector X, and by viewing X as a common
input. The multicast capacity of deterministic wired net-
works networks was determined in [2] and was shown to
have a max-flow, min-cut interpretation.

A more general problem is when X, is the input of
an arbitrary broadcast channel. The thesis [1] determined
the unicast capacity of such networks, i.e., the case when
there is exactly one source and one destination. The pa-
per [4] studies another model with similar yet distinct as-
sumptions. Both types of models are an intermediate step
towards wireless networks which further suffer from inter-
ference at a receiver, fading and other phenomena.
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The main contribution of this paper is to characterize
the multicast capacity of acyclic Aref networks.

1. Preliminaries

A. Robust Typicality

In order to prove the main result, we use the notion
of robust typicality of sequences [5]. Let X be a ran-
dom variable distributed over a finite set X’ according to
a probability distribution p. Let the support set Sx be

defined as Sy La: € X : p(z) > 0} and let
ux = mingeg, p(x) be its smallest nonzero probability.
Let X = X3, Xo,..., X, be a sequence of independent
random copies of X. The empirical frequencyof z € X in
asequence x = Zy,...,&, € X" IS

ela) 2 Wiz =2}

The sequence x is §-robustly typical (6-r.t.) for § > 0 if for

allz e X,
lvx(z) — p(z)| <6 - p(x)

The set of d-r.t. x’s is denoted Ts5(X). Let X and Y be
random variables. Let the support set Sx,y be defined as

Sxy “ {(z,y) € X x Y : p(z,y) > 0} and let px.y =
ming,,,yesy , P(T,y) be its smallest nonzero probability.
Letx € X" and§ > 0 let

Ts(Vx) Y {y : (x,y) € T5(X,Y)}

We list the following lemmas which are proved in the ap-
pendix of [5].
Lemmal: Let0<d <1and

es(n) < 2|Sx|e=0"nxn/3, M
We have,

(1= e5(n)) - 20-DHEOm < |T5(x)| < 2U+DHXn

Lemma2: Let0 < & < d2 < 1. Let e5,.5,(n) =

(52-51)2
2|Sx.y|e” FH#x¥/3 0 the following, the upper
bound holds for every x € X'™ and the lower bound holds
for every x € T5, (X).

(1 — €51,02 (n)) : 2(1—62)H(Y|X)n < |Tt52 (Y|X)|
< 9(1+82)H(Y|X)n

Note that e5(n) and €5, 6,(n) diminish to zero exponen-
tially with n.



Lemma3: Let y € Y be a random variable such that
y = f(x) where f is a deterministic function. Let x € X"
suchthat x € T5(X). Lety = (f(z1), f(z2),..., f(zn)).
We havey € T5(Y) and (x,y) € T5(X,Y
| Proof: For every y in ), define the set inv(y) as fol-
ows:

inv(y) ={z € X : f(z) =y}

Now, p(y) = ZweinV(y) p(z). Similarly vy(y) =
2 zcinviy) vx(z). Since x € T5(X), we have, |vx(z) —
p(z)| <6 -p(z) forallz € X. Forany y € Y, consider

Y (@) —p(2))

zeinV(y)

Y (@) —p(@)]

zeinV(y)

< Y 6-pla)

z€inV(y)
=4d-p(y)

Thus, it follows that y € T5(Y).
Consider a pair (z,y) € X x Y. If y = f(z), we have,
Vix,y) (@, y) = vx(z) and p(z,y) = p(z). Thus, it follows

that |V(x,y)(xay) —p(x,y)| S 0 -p(w,y).

Ify # f(2), vxy)(2,y) = p(z,y) = 0. Thus, it
follows that (x,y) € Ts(X,Y). |

B. Network Model

We describe the network model. Consider the graph
G = (V, &) described above. The random variable X, as-
sociated with vertex v has discrete and finite alphabet X’,,.
We write px, (-) for the distribution of X4, and px, (z1)
or p(x1) for the probability that X; = x;. Similarly, the
random variable Y,, ,, associated with edge (u,v) has dis-
crete and finite alphabet )V, ,,. We write Y,, , = hy, o (Xy,),
where the function h,, , (-) has domain X, and range ).
The network is clocked, i.e., each vertex and edge is ac-
tivated simultaneously NV times, and at every time instant
vertex u transmits a symbol z,, =, € X,, and receives
Symbols Yy, = huy,u(@w), Where w is any vertex for
which there is an edge (w, u) in £.

As an example, consider the Aref network in Figure 1.
Suppose vertex 1 represents a source and 7' = {6,7} a
set of destination vertices. The main difference between
an Aref network and a network of point to point links
considered in [2, 3] is captured by the output observed
at vertices 2 and 3. In the model discussed in this pa-
per, vertex 1 transmits x; and vertices 2 and 3 observe
h1,2(z1) and hq 3(z1) respectively, whereas in the model
discussed in [2, 3], vertex 1 can be thought of as trans-
mitting z, = [z1,1,%1,2] and vertices 2 and 3 observe
h1,2(z1,2) and hq 3(z1,3) respectively. We can, of course,
also write this as y12 = hi2(z;) and y13 = has(zq).
Thus, the model discussed in [2, 3] is a special case of the
model discussed here.
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Fig. 1. Anexample

C. Coding

The multicasting problem has one source vertex (ver-
tex 1), and several destination vertices that we collect in
a set 7. The source vertex has a message M that is uni-
formly distributed over {1,2,...,2V%} where R is the
rate and where we assume that N R is an integer for sim-
plicity. A communication strategy consists of encoding

functions fff)(-), u € V,i=1,2,...,N, and decoding

functions 7 (-), t € T. We write g = [z, : u € §]
and y o, = [Yup : u € S,0 € 8. We similarly write
gu,S' = [yu,v Ve S,]

o Encoders. Suppose M = m. At time 4, vertex
1 transmits 1 = f{%(m) and every other ver-
tex u receives ggj)u Vertex u transmits z) =

LW 89537

o Decoders. After time NV, each destination vertex ¢

puts out an estimate 17 (gg}l)t,ggf)t, e ,gg\?).

The error probability is

P, =Pr ng {mt (Xg;l,ialg,)w e ’ngﬁ)) 7 M}] '
)

The rate R is said to be achievableif, for any € > 0, there
exist encoders and decoders that make P, < ¢ for some NV.
The multicast capacity C' is the supremum of the achiev-
able rates.

D. Definitions

Aset S C Viscalled acutif 1 € S and the set S
(the complement of S) contains one or more destination

vertices, i.e., S(\T # ¢. We denote the set of all cuts
{§:8cV,1€8,SNT # ¢} as A. The boundary of a
cut S, B(S) is defined as

B(S) ={u: (u,v) € E,u€ S,veS}



For fixed input distributions px, (-), px,(-),---,Px,y (),
we define the value of a cut as follows.
Value(S) = Y H(Y,3) ?3)

u€B(S)

whereY, 5 = [Vy, : v € S]. The value of a cut indeed
depends on the input distributions, but for economy of no-
tation we do not explicitly include these distributions as ar-
guments in (3). Let X (A) denote the vector [X,, : u € A].

1. Main Result

Suppose the min-cut is positive, i.e., all destinations
are connected to the source. Since the network is acyclic,
without loss of generality, we can consider only the sub-
graph having those vertices and edges on the paths from
the source to the destinations. We can further number the
vertices so that (u,v) € £ implies that u < v. The follow-
ing theorem is our main result.

Theorem1: The multicast capacity of an acyclic Aref
network is

C= max min)Value(S 4
px1():Px5 ()5 ,pxm()(Se ) () )

whereA={S:ScV,1€S,SNONT # ¢}
This result has a max-flow, min-cut interpre-
tation. For specified probability distributions

le(')asz(')a'"apX|v|(') and a ¢ € T, the
min-cut is given by mingea, Value(S) where
Ay = {S : 1 € St € S}. The minimum
value of a cut over all vertices ¢ € T would then
be mingey, . A, Value(S). However, note that
A = Uyer At Thus, the result says that the maxi-
mum achievable data rate is the maximum value of the
minimum cut in the information theoretic sense.

A. Achievability
We code in L + |V| — 2 blocks of length n, i.e., we set
N = (L+|V|-2)-n. We divide the message m into L parts

that each take on values in {1,2,...,2"#}. The I-th part
of m is denoted ;. The overallrateis R-L/(L+[V|-2),
but since |V] is finite one can approach R by increasing L.
Let fo() = [£9C() : i = 1,2,...,n], and set
§Hn) 0y = 590 for all 4, 1, and v, i.e., we use the
same encoding function(s) for each block. We associate
z"(1) and Yy, ., (1) with the transmissions for the {-th mes-

sage my. That is, we write the (I +u—1)-th transmitted and
(I +u—2)-th received vectors at vertex u as the respective

zy() = 2 1), 22 1), .., 257 ()]
5 (0 =15 0,4,0), ..y D).

We sometimes drop the index [ if it does not
play an important role. We fix the distributions

bx, (')apxz ()7 <5 PXy ()
Codebooks. At vertex 1, choose fi*(-) to map each of

the indices in {1, 2, ...,2"%} to a sequence 2 drawn uni-
formly from T5(X;). At vertex u, choose f2(-) to map

each sequence in T (Y, ,,) to a sequence drawn uniformly
from T5(X,). Note that some yv in T5(Y,,,) might
never be used. Note also that we have yh € T5(Yu,) for
all (u,v) because z7 € T5(X,) forall u (see Lemma 3).

Encoding. During the (I + u — 1)-th block:
o Vertex w = 1 transmits z7'(l) = fi*(my) forl =
1,2,...,Land z7(l) = flnal otherwise.

o Vertexu, u # 1, observes y! (I + 1) and transmits
2, () = £ (y,,0-1).
For instance, the coding strategy for the network shown
in Fig. 2 is given in Table I1I-A. Observe how the trans-
missions are “pipelined” and that over L + |V | — 2 blocks,

all vertices have finished transmitting data.

1

3

Fig. 2. This figure shown a network with 3 vertices. Vertex 1 is the
source and vertex 3 is the destination. The following table shows the
transmission and reception at various nodes for L = 3 messages.

Decoding. Since Yy, ,(1) is a function of m;, we abuse
notation and write thls sequence of vectors as y L(ma).

Vertex ¢ decodes my after block ¢ + 1 — 2 by usmg the
function 7, (-), where we again abuse notation by using
the same expression as in (2). We further define

my (y; t(ml))

error  if yv [(my) = %T;,t(ml) for some m; # my
my otherwise.

®)

Analysis. In the following, we consider only transmis-
sions that pertain to the message m;. We thus drop the time
indices for convenience. For example, we write m, 7, and
yr formy, (1) and y7 (1), respectively.

Consider a destlnatlon vertex t. Let P.(t,m,m') be
the average probability that vertex ¢ cannot distinguish be-
tween m and m', where the average is over the ensemble
of encoding functions. Let S(m, m') be the set of vertices
u for which

yy . (m) # i, (m') (6)



TABLEI

CODING STRATEGY FOR THE NETWORK OF FIG. 2

Block | Message | 1 Transmits | 2 Receives | 2 Transmits 3 Receives Decoder output
1 m(1) z7 (1) y7,(1) : y7 (1) :
2 m(2) z7(2) y7,(2) z5(1) [ u7,2),95,(D) | mu(y? (1), 97 ,(1)
TG | w0 | 0,00 | #4300 | ey @)6 ()
4 - - - 23 (3) R (Y7 5(3): 95 5(3))

i.e., S(m,m') is the set of the vertices that can distinguish
between m and m'. We view S(m,m') as a random vari-
able that is a function of the encoding functions. We clearly
have 1 € S(m,m'). Suppose vertex ¢ cannot distinguish

between m and m’, so that ¢ € S(m,m') and S(m, m') is
a cut between vertices 1 and ¢. Let A; be the set of such
cuts, i.e., we define Ay ={SCV:1€8,te S} Wecan
write

P.(t,m,m') = Pr U {S(m,m') = S}]
SEA;

< Z Pr[S(m,m') = S]. (7

SeA;

Furthermore, we claim that a necessary condition for the
event S(m, m') = S is one must have

En g(m) = En g(ml) (8)

for all u € S(m,m'). To see this, note that if (8) was not
true for some u € S(m,m'), then there is a vertex v € S

that can distinguish between m and m/’, contradicting our
original hypothesis. We can thus write

PriS(m,m’) =8| <Pr | () {y 5(m) =y o(m")}
u€p(S)
IT Prfyns0m) =yl 50m")]
u€B(S)

where the equality follows because the 27, v € V, were
chosen independently.

We proceed to upper bound the probabilities in the prod-
uct in (9). We have (z(m'), y" <(m") € T5(Xy, Yis)

by Lemma 3. The event (8) thus |mpI|es

(zn0m), y" 5(m)) € T5(Xa, Y, 5).  (10)
But note that 27, (m') was chosen independent of y” —(m).
The probability of (10) occurring is thus ’

N|/ ITs(x

s (X g2 5(m (11)

We use Lemmas 1 and 2 to bound
|T5(Xu)| Z (]_ — 6(5(”)) . 2“(1_6)H(Xu)
|T5(Xuly” 5(m))| < on(1462)H (XuY, 5)

(12)
(13)

where €5(n) — 0 asn — oo. Inserting (12) and (13) into
(11), we have

Pr [y 5(m) =y g<m')]

— )

< (I —e5(n)”

where we have used H (Y, 5|X.) = 0. Inserting (14) into
(9), and using |5(S)| < |€], we have

Pr[S(m,m') = 8]
< (1 _ 65(”))_|g| . 2n|8\(6+62) . 2—nVa1ue(S)‘ (15)

Inserting (15) into (7), and using the fact that the number
of cuts is less than 2!V, we have

Fe(t’ m’ ml)
< (1 _ eé(n))—lgi . 2|V|+ni£|(6+62) . 2—nminsEAt Value(S)‘
- (16)

The above applies to the I-th block of transmission. We

now add the index [ to m;. Let P.(m) be the average prob-
ability of error when the (overall) message m was transmit-
ted. We use the union bound over all L blocks, all destina-
tions ¢, and all m' # m to write

<L |T| ' (2"R —1)-(1—es(n) 71"
. 2|V‘+n‘5|(6+52) . 27nminseAt Value(S).

e(t,my,m))

(17

We thus find that the average error probability for any mes-
sage can be made small if n is large and

R < —[€|(6 + &) + min Value(S).  (18)

Finally, we optimize over all input distributions, choose &
and 6, small, and choose n and L large. The result is that
we can make the overall rate approach C' in (4) while at the
same time ensuring that P, < e for any positive €.



B. Converse

In this section, we show a converse for the result in
Theorem 1. (We begin by mentioning the following re-
sult which is a multicast version of a similar result proved
in Section 14.10 of [6]. We omit the proof.)

C< pxl(-),pr(l-?f.,px|V|(~)(1§1er1 I(X(S);Y(9)X(9)))
Consider the term I(X (S); Y(S)|X (S)). We have,
I(X(S);Y(9)|X(S)) = H(Y (S)|X(9)) (19)
— H(Y (9)|X(S), X(9))
= H(Y(9)|X(9)) (20)
= H(Y5(S)|X(9))
+ H(Y1(5)|X(S),YB(5))
(21)
= H(Yp(9)|X(9)) (22)
= H(Y5(9)) (23)
= H(Y, 35) = Value(S)
u€B(S)
(24)

where _
« (20) follows from the fact that Y (.S) is specified com-

pletely by X (S) and X (S).
o (21) follows by defining Y5 (S) = [Yu,n : u € S,v €
Sland Y7(S) = [Yu, :u € S,v € S, (u,v) € EJ.

o (22) follows from the fact that Y7 (.S) is specified com-

pletely by X (S).

o (23) follows from the fact that X (S) and X (S) are
independent and X (S) specifies Y (S).

« (24) follows from the fact that Y, 5 are independent
of each other for each u € §(.9).

Thus, we now have the result that

c< max (mig\l Value(5)) (25)

B Px, (')JJXQ(')V“’Z)X‘Vl () Se

However, note that the maximum achievable rate derived
in Section I11-A is

(min Value(S5))

max
px1():Pxa (-)sPxy (1) S€

Note that the converse is tight provided that the maximiza-
tion in (25) is achieved at a product distribution. In the rest
of the section, we prove that this indeed is the case.

Lemma 4: For Aref networks, the bound (25) is opti-
mized by independent inputs X, u € V.

Proof: For any fixed px, x,...x ,, (), we have

I(Xs; Yy 5| Xs) =H(Y, 5| X3)

S H(XV,S)

< > HY,3 (26

u€p(S)
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Fig. 3. An Aref network for which Cy 7 < minger C1 4.

where the first step follows because the network is deter-
ministic, and the other steps because conditioning cannot
increase entropy. Furthermore, by replacing the joint dis-
tribution by the product of its marginals, the mutual infor-
mation in (25) is exactly the sum of the entropies in (26).
That is, one can restrict attention to independent inputs. W

Since replacing any joint distribution by the product of
its marginals cannot decrease the value of a cut, it follows
that the maximization is achieved at a product distribution.
Thus it follows that, for Aref networks, it suffices to per-
form the maximization over all the product distributions,
which proves the converse.

C. Discussion
For the usual deterministic networks without broadcast-
ing, one can show that the multicasting capacity is

C = min Cl t
teT 7

where C1 4 is the unicast capacity from vertex 1 to vertex
t. However, for Aref networks such a relationship is not
necessarily true. Consider the network shown on the left in
Fig. 3. Suppose the channel from z; to yy,2 and yy 3 is the
broadcast channel shown on the right in Fig. 3. It is easy to
see that C1,» = C1,3 = log,(3) bits by choosing 3 out of
4 of the input letters to have probability 1/3. The multicast
capacity is, however, only C' = 1.5, and is achieved only if
all 4 inputs have probability 1/4.
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