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Abstract—A class of deterministic relay networks with no
interference is considered. Such networks were studied by M.
R. Aref, who showed that the unicast capacity has a max-flow,
min-cut interpretation. These networks are here called Aref
networks. It is shown that the multicast capacity of acyclic
Aref networks also has a max-flow, min-cut interpretation.

[. Intr oduction

Considera network representedy a directed graph
G = (V,€), whereV and& arethe setsof verticesand
directededgesespectiely. For example,the graphmight
represend.communicatiometwork wherethe verticesare
terminalsand the edgesare channels. In this paper we
areinterestedn deterministic relay networks with no in-
terference. Thesenetworks were introducedby Aref [1]
andwe call suchnetworks Aref networks. Suchnetworks
have oneinput X, associateavith everyvertex u, andone
outputY,,, associatewith everyedge(u,v). By determin-
istic, we meanthatY,, , is somedeterministicfunction of
X, Thisrestrictionclearlypermitsbroadcasting, sincethe
outgoingedgesof a vertex sharea commoninput. By no
interference, we meanthaty’, , is a functionof X, only.
We are further interestedn the multicast scenariowhere
onemessagés to betransmittedrom onevertex to oneor
moreothervertices. The maximumrateat which onecan
transmitis calledthe multicast capacity.

For example,a deterministicwired network with inde-
pendenthannelds aspecialcaseof Aref networksby col-
lectingtheinputsto all the outgoingedgesrom a particu-
lar vertex asa vector X, andby viewing X asa common
input. The multicastcapacityof deterministicwired net-
works networks was determinedn [2] andwasshawn to
have amax- ow, min-cutinterpretation.

A more generalproblemis when X, is the input of
an arbitrarybroadcasthannel. The thesis[1] determined
the unicast capacityof suchnetworks,i.e., the casewhen
thereis exactly one sourceand one destination. The pa-
per [4] studiesanothemodelwith similar yet distinctas-
sumptions.Both typesof modelsarean intermediatestep
towardswirelessnetworkswhich furthersuffer from inter-
ferenceatarecever, fadingandotherphenomena.
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The main contrikbution of this paperis to characterize
themulticastcapacityof agyclic Aref networks.

[I. Preliminaries

A. Robust Typicality

In orderto prove the main result, we use the notion
of robust typicality of sequence$5]. Let X be a ran-
dom variabledistributed over a nite setX’ accordingto
a probability distribution p. Let the support set Sx be

dened as Sy La: € X : p(z) > 0} andlet
ux = mingegs, p(x) beits smallestnonzeroprobability.
Let X = X, Xa,..., X, beasequencef independent
randomcopiesof X. Theempirical frequency of 2 € X in
asequenc& = x,...,&, € X" Iis

ela) 2 Wiz =2}

Thesequence is §-robustly typical (6-r.t.) for § > 0 if for

allz € X,
lvx(z) — p(z)| <6 - p(x)

The setof 4-r.t. x'sis denotedls(X). Let X andY be
randomvariables.Let the support set Sx v bede ned as

Sxy “ {(z,y) € X x Y : p(z,y) > 0} andlet pux y =
ming,,,ye s, , P(z,y) beits smallestnonzergprobability.
Letx € X™ andd > 0 let

Ts(Vx) Y {y : (x,y) € T5(X,Y)}

We list the following lemmaswhich are provedin the ap-
pendixof [5].
Lemmal: Let0<d<1and

es(n) < 2|Sx|e=0"nxn/3, (2)
We have,

(1= e5(n)) - 20-DHEOm < |T5(x)| < 2U+DHXn

Lemma2: Let0 < & < d2 < 1. Letes, s5,(n) =

(52-51)2
2|Sx.y|e” F H#x¥/3 | the following, the upper
boundholdsfor everyx € X™ andthelower boundholds
for everyx € T;, (X).

(1 — €51,02 (n)) : 2(1—62)H(Y|X)n < |Tt52 (Y|X)|
< 9(1+82)H(Y|X)n

Note that e5(n) andes, s, (n) diminishto zero exponen-
tially with n.



Lemma3: Lety € ) bearandomvariablesuchthat
y = f(x) wheref is adeterministicfunction.Letx € X"
suchthatx € T5(X). Lety = (f(z1), f(22),-.., f(zn)).
Wehavey € T5(Y) and(x,y) € T5(X,Y
I Proof: Foreveryy in ), de ne the setinv(y) asfol-
ows:

inv(y) ={z € X : f(z) =y}

Now, p(y) = EweinV(y) p(z). Similarly vy(y) =
2 zcinviy) vx(z). Sincex € T5(X), we have, |vx(z) —
p(z)| <6 -p(z)forallz € X. Forary y € ), consider

oy () —p@)l =] Y (x(2) —p(x)

z€inv(y)

Y (@) —p(@)]

z€einNV(y)

< Y 6-pla)

z€inV(y)
=4d-p(y)

Thus,it followsthaty € T5(Y).
Considerapair(z,y) € X x Y. If y = f(z), we have,
Vix,y) (@, y) = vx(z) andp(z,y) = p(z). Thus,it follows

that'”(x,y)(xay) —p(x,y)| S 0 -p(w,y).

If y # f(z), vixy)(2,y) = p(z,y) = 0. Thus,it
followsthat(x,y) € T5(X,Y). |

B. Network Model

We describethe network model. Considerthe graph
G = (V, &) describedabore. TherandomvariableX,, as-
sociatedwith vertex u hasdiscreteand nite alphabetY,.
We write px, (-) for the distribution of X4, andpx, (z1)
or p(x,) for the probabilitythat X; = z;. Similarly, the
randomvariableY,, , associatedvith edge(u,v) hasdis-
creteand nite alphabety, ,. WewriteY,, , = hy(X4),
wherethefunctionh,, , (-) hasdomainX,, andrange),,,.
The network is clocked, I.e., eachvertex and edgeis ac-
tivatedsimultaneouslyV times,andat every time instant
vertex u transmitsa symbol z,, =, € X,, andreceves
symbolsy,.,, = hy,u(2w), Wherew is ary vertex for
which thereis anedge(w, u) in £.

As an example,considerthe Aref network in Figurel.
Supposevertex 1 representsa sourceandT = {6,7} a
setof destinationvertices. The main differencebetween
an Aref network and a network of point to point links
consideredin [2, 3] is capturedby the output obsened
at vertices2 and 3. In the model discussedn this pa-
per, vertex 1 transmitsz; and vertices2 and 3 obsere
h1,2(z1) andhq 3(z1) respectiely, whereasn the model
discussedn [2, 3], vertex 1 canbe thoughtof as trans-
mitting z, = [z1,1,%1,2] and vertices2 and 3 obsere
h1,2(z1,2) andhy 3(z1,3) respectrely. We can,of course,
alsowrite this asy12 = hi2(z;) andyis = his(z;).
Thus,the modeldiscussedn [2, 3] is a specialcaseof the
modeldiscussedhere.
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Fig. 1. Anexample

C. Coding

The multicastingproblemhasone sourcevertex (ver-
tex 1), and several destinationverticesthat we collectin
aset7. Thesourcevertex hasa messagéel/ thatis uni-
formly distributed over {1,2,...,2V%}, where R is the
rate andwherewe assumehat N R is anintegerfor sim-
plicity. A communicationstratgy consistsof encoding
functionsf&’)(-), u € V,i=1,2,...,N, anddecoding
functionsri(-), t € T. Wewrite zg = [z, : u € S]
andy, o, = [Yup : u € S,v € §. We similarly write

Quysl = [yu,v HENS S,]
o Encoders. SupposeM = m. At time 4, vertex
1 transmitsz? = f{?(m) and every other ver-

tex u receves ggj)u Vertex u transmitsz) =

LW 89537

o Decoders. After time N, eachdestinationvertex ¢

putsoutanestimater; (gg}l)t,ggf)t, e ,gg\?).

Theerrorprobabilityis

P, =Pr ng {mt (Xg;l,)tazg,)t’ e ’ngﬁ)) 7 M}] '
)

TherateR is saidto be achievableif, for ary € > 0, there
existencodersainddecodershatmale P, < € forsomelN.
The multicast capacity C' is the supremunof the achiev-
ablerates.

D. Definitions

A setS C Viscalledacutif 1 € S andthe setS
(the complementof S) containsone or more destination
vertices,i.e., S(\T # ¢. We denotethe setof all cuts
{§:8cV,1€8,SNT # ¢} asA. Theboundary of a
cutS, 8(S) isde nedas

B(S) ={u: (u,v) € E,u€ S,veS}



For x edinputdistributionspx, (-), px, (), - - -, Px,y (),
we de ne thevalue of acutasfollows.
ValugS) = Y H(Y,3) 3)

u€B(S)

whereY, 5 = [V, : v € S]. Thevalueof a cutindeed

dependsmthelnputdistrimtions,but for economyof no-
tationwe donotexplicitly includethesedistributionsasar-
gumentsn (3). Let X (A) denotethevector[X,, : u € A].

lll. Main Result

Supposethe min-cut is positive, i.e., all destinations
areconnectedo the source.Sincethe network is agyclic,
without loss of generality we can consideronly the sub-
graphhaving thoseverticesand edgeson the pathsfrom
the sourceto the destinations We canfurther numberthe
verticessothat(u, v) € £ impliesthatu < v. Thefollow-
ing theoremis our mainresult.

Theorem1: The multicastcapacityof an agyclic Aref
network is

C= max min)Value(S 4
px1():Px5 ()5 ,pxm()(Se ) () (4)

whereA = {S SCVlESSﬂT;éqs}

This result has a max-ow, min-cut interpre-

tation. For specied probability distributions
px,(),Px,(-);,--»pxy () and a t € T, the
min-cut is given by mingea, Value(S) where

Ay = {S : 1 € St € S} The minimum
value of a cut over all verticest € T would then
be mingey, , 4, Value(S). However, note that
A = Uyer At Thus, the result says that the maxi-
mum achievable datarate is the maximum value of the
minimumecutin theinformationtheoreticsense.

A. Achievability
We codein L + |V| — 2 blocksof lengthn, i.e., we set
N = (L+|V|-2)-n. Wedividethemessagen into L parts

thateachtake on valuesin {1,2,...,2"E}. Thel-th part
of m is denotedn;. Theoverallrateis R-L/(L+|V|-2),

but since|V| is nite onecanapproachRk by increasingL.
Let fn() = [£9() : i = 1,2,...,n], and set
§Hn) 0y = 590 for all i, 1, and v, i.e., we usethe
sameencodingfunction(s)for eachblock. We associate
z(1) andy?, (1) with thetransmissionsor the-th mes-

sagem;. That|s wewrite the(l+u—1)-thtransmittecand
(I +u—2)-th recevedvectorsatvertex u astherespectie

zy() = 2 1), 22 1), .., 257 ()]
5 (0 =15 0,4,0), ..y D).

We sometimes drop the index [ if it does not
play an important role. We x the distributions

bx, (')apxz ()7 < DXy ()
Codebooks. At vertex 1, choosef*(-) to mapeachof

theindicesin {1,2,...,2"%} to asequence? dravn uni-
formly from T5(X;). At vertex u, choosef(-) to map

eachsequencén T5(Y,, ,,) to asequenceravn uniformly
from T5(X,). Note that someyv in T5(Yy, ,,) might
neverbe used.Note alsothatwe ha/ey € T5(Y,,y) for
all (u,v) because” € T5(X,) for all u (seeLemma3)

Encoding. Duringthe (I + u — 1)-th block:

o Vertex u = 1 transmitsg?(l) = fi*(my) forl =
1,2,...,Landz?(l) = flnal otherwise.

o Vertexu,u # 1, obseresy? (I + 1) andtransmits

2.0) = 17 (3,0 D).

For instancethe codingstratey for the network shavn
in Fig. 2 is givenin Tablelll-A. Obsene how the trans-
missionsare“pipelined” andthatover L + |V | — 2 blocks,
all verticeshave nished transmittingdata.

1

3

Fig. 2. This figure shown a network with 3 vertices. Vertex 1 is the
source and vertex 3 is the destination. The following table shows the
transmission and reception at various nodes for L = 3 messages.

Decoding. Sincey" .(1) is afunctionof m;, we atuse
notationand write th|s sequence)f vectorsasy L(ma).

Vertex t decodesm; afterblock ¢ + 1 — 2 by usmgthe
function 72, (-), wherewe againahuse notationby using
thesameexpressiorasin (2). We furtherde ne

my (y; t(ml))

error if yv [(my) = Q\T;,t(ml) for somem; # my
my otherwise.

®)

Analysis: In thefollowing, we consideronly transmis-
sionsthatpertainto themessagen,;. Wethusdropthetime
indicesfor con/enienceForexample,wewrite m, zl, and
yr formy, z3(1) andy” (1), respectiely.

Considera dest|nat|onverte< t. Let P.(t,m,m') be
the averageprobability thatvertex t cannotdistinguishbe-
tweenm andm’, wherethe averageis over the ensemble
of encodingfunctions.Let S(m, m') bethe setof vertices
u for which

yy . (m) # i, (m') (6)



TABLEI
CODING STRATEGY FOR THE NETWORK OF FIG. 2

Block | Message] 1 Transmits| 2 Receves | 2 Transmits| 3 Receves Decodenutput
1 m(1) z7 (1) y7,(1) : y7 (1) :
2 [ m@ | 00 | ¢, T | 7@y, | w0, ()
3 | mB) | 2/ | U5,0) O RO ERCHONTRO)
2 : : : ) RO ES RO ETRE)

i.e.,,S(m,m') is thesetof theverticesthatcan distinguish
betweenm andm'. We view S(m,m') asarandomvari-
ablethatis afunctionof theencodingunctions.Weclearly
have 1 € S(m,m'). Supposevertex ¢t cannotdistinguish
betweernm andm/, sothatt € S(m,m') andS(m,m’) is
a cut betweenverticesl and¢. Let A; bethe setof such
cutsji.e.,wedeneA; ={SCV:1€8,te S} Wecan
write

P.(t,m,m') = Pr U {S(m,m') = S}]
SEA;

< Y Pr[Smm)=Sl. (@)

SeA;

Furthermorewe claim that a necessargonditionfor the
eventS(m,m') = S is onemusthave

En g(m) = En g(ml) (8)

for all u € S(m,m'). To seethis, notethatif (8) wasnot

truefor someu € S(m,m'), thenthereis avertex v € S
that candistinguishbetweenm andm/’, contradictingour
original hypothesisWe canthuswrite

PriS(m,m’) =8| <Pr | () {y 5(m) =y o(m")}
u€p(S)
IT Prfyns0m) =yl 50m")]
u€B(S)

wherethe equality follows becausehe 2, u € V, were
chosenindependently

We proceedo upperboundtheprobabilities'n theprod-
uctin (9). We have (zy(m'), y" s(m")) € T5(Xu, Yis)

by Lemma3. Theevent(8) thu3|mpl|es
(zn0m), g2 5(m)) € T5(Xa, Y, 5).  (10)

But notethatz?, (m') waschoserindependendf y” ~(m).
The probability of (10) occurringis thus ’

ITs(Xal g2 5(m)| [ ITs(X)1. (11)

We useLemmasl and?2 to bound
T5(Xu)| > (1 —es(n)) - 2n=DHED (12)
IT5(Xuly" 5(m))] < 270+ H(XulY..5) (13)

wherees(n) — 0 asn — oo. Inserting(12) and(13) into
(11),we have

Pr [y, 5(m) =3/, 5(m)]
< (1= cg(n)) *-200+0) g7 (Ms) - (14)

wherewe have usedH (Y, 5| X.) = 0. Inserting(14) into
(9), andusing|5(S)| < |€|, we have
Pr[S(m,m') = 8]

< (1 _ 65(”))_|g| . 2n|8\(6+62) . 2—nVa1ue(S)‘ (15)
Inserting(15) into (7), andusingthe factthatthe number
of cutsis lessthan2/V!, we have
Fe(ta m’ ml)
< (1 _ eé(n))—lg\ . 2|V|+n\£|(6+62) . 2—nminsEAt Value(S)‘

(16)

Theabove appliesto thel-th block of transmissionWe

now addtheindex ! tom;. Let P.(m) betheaverageprob-
ability of errorwhenthe (overall)messagen wastransmit-
ted. We usetheunionboundoverall L blocks,all destina-
tionst, andall m' # m to write

<L- |T| . (Z"R —1)-(1—es(n) ¢
. 2|V\+n\5|(6+62) .9—n minsea, Value(S)' (17)

e(t,my,m))

Wethus nd thattheaverageerrorprobabilityfor any mes-
sagecanbe madesmallif n is largeand

R < —[€|(6 + &) + min Value(S).  (18)

Finally, we optimize over all input distributions,choosed
andé, small,andchoosen and L large. Theresultis that
we canmake theoverallrateapproachC in (4) while atthe
sametime ensuringthat P, < e for ary positivee.



B. Converse

In this section,we showv a corversefor the resultin
Theoreml. (We begin by mentioningthe following re-
sultwhichis a multicastversionof a similar resultproved
in Section14.100f [6]. We omit the proof.)

C< pxl(-),pr(l-?f.,px|V|(~)(1§1er1 I(X(S);Y(9)X(9)))
ConsidetthetermI(X (S); Y (S)| X (S)). We have,
I(X(S);Y(9)|X(S)) = H(Y (S)|X(9)) (19)
— H(Y (9)|X(S), X(9))
= H(Y(9)|X(9)) (20)
= H(Y5(S)|X(9))
+ H(Y1(5)|X(S),YB(5))
(21)
= H(Yp(9)|X(9)) (22)
= H(Y5(9)) (23)
= H(Y, 35) = Value(S)
u€B(S)
(24)

where _
« (20)followsfromthefactthatY (.S) is speci edcom-

pletelyby X (S) and X ().
« (21)followsby de ning Y5 (S) = [Yu,, : u € S,v €
S]andY;(S) = [Yu,w s u € S,v €S, (u,v) € E].

« (22)followsfromthefactthatY;(.S) is speci edcom-

pletelyby X (S).

« (23) follows from the factthat X (S) and X (S) are
independenand X (S) speci esYg(S).

« (24)follows from thefactthatY, 5 areindependent
of eachotherfor eachu € §(5).

Thus,we now have theresultthat
c< max (min Value(S)) (25)

B Px, (')JJXQ(')V“’Z)X‘Vl () SeA

However, note that the maximumachievablerate derived
in Sectionlll-A is

(min Value(S5))

max
px1():Pxa (-)sPxy (1) S€

Notethatthecorverseis tight providedthatthemaximiza-
tionin (25)is achiezedata productdistribution. In therest
of thesectionwe prove thatthis indeedis the case.

Lemma 4: For Aref networks, the bound(25) is opti-
mizedby independeninputs X, u € V.

Proof: Forary x edpx,x,..x,, (), wehave

I(Xs; Yy 5| Xs) =H(Y, 5| X3)

S H(XV,S)

< Y HY,3 (26)

u€p(S)

Y1,2

0

1 o 1

T 00 2
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Fig. 3. An Aref network for which Cy 7 < minger C1 4.

wherethe rst stepfollows becausdhe network is deter
ministic, andthe other stepsbecauseonditioningcannot
increaseentropy. Furthermoreby replacingthe joint dis-
tribution by the productof its maminals,the mutualinfor-
mationin (25) is exactly the sumof the entropiesin (26).
Thatis, onecanrestrictattentionto independeninputs. B

Sincereplacingary joint distribution by the productof
its maiginalscannotdecreas¢hevalueof a cut, it follows
thatthe maximizationis achiezedat a productdistribution.
Thusit follows that, for Aref networks, it sufces to per
form the maximizationover all the productdistributions,
whichprovesthecorverse.

C. Discussion

For theusualdeterministimetworkswithoutbroadcast-
ing, onecanshaw thatthe multicastingcapacityis

C = min Cl t
teT 7

whereC 4 is the unicast capacityfrom vertex 1 to vertex

t. However, for Aref networks sucha relationshipis not
necessarilyrue. Consideithenetwork shovn ontheleft in

Fig. 3. Supposehechannefrom z to y; » andy; 3 is the
broadcasthannekhavn ontherightin Fig. 3. It is easyto

seethatCy,» = Ci,3 = log,(3) bits by choosing3 out of

4 of theinputlettersto have probability 1/3. The multicast
capacityis, however, only C' = 1.5, andis achievedonly if

all 4 inputshave probability 1/4.
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