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Abstract— We consider the problem of finding minimum-cost Though our objective is clear, our description of the problem
time-varying subgraphs that can deliver continuous service to js currently vague. Indeed, one of the principal hurdles to
dynamic multicast groups in coded networks (i.e. networks that 4 c1iing the dynamic multicast problem is in formulating the
use network coding). This problem is relevant for applications . L . .
such as real-time media distribution. We formulate the problem problem in such 6.‘ Wf”ly that it is suitable for analysis anq
within the framework of dynamic programming and apply addresses our ObJeCtlve. For routed networks, the dynamlC
dynamic programming theory to suggest how it may be solved. multicast problem is generally formulated as the dynamic

Steiner tree problem, which was first proposed in [6]. Under
. INTRODUCTION this formulation, the focus is on worst-case behavior and
) ) modifications of the multicast tree are allowed only when

The fact that network coding can not only improve th@odes join or leave the multicast group. The formulation is
throughput of multicast connections but also the complexifyjequate, but not compelling; indeed, there does not appear
involved in establishing optimal multicast connections accorgs pe any compelling reason for the restriction on when the
ing to some cost criterion has been commented upon Ryiticast tree can be modified.
several authors [1], [2], [3], [4]. Their key observation is |, this paper, we propose a formulation of the dynamic
that, while finding minimum-cost multicast trees in traditiongl, ,ticast problem for coded networks. We draw some inspi-
routed networks (i.e. networks that do not use network coding}ion from [6], but we focus on expected behavior rather
requires solving the directed Steiner tree problem, which 48,1, \yorst-case behavior, and we do not restrict modifications
known to be NP-complete, minimum-cost multicast subgrapRs the muiticast subgraph to when nodes join or leave the
in coded networks (i.e. networks that do use network coding) ticast tree. We cast the problem in the framework of
can be found by s_olvi_ng a linear program, which is theref_o;r}'-ynamiC programming and, while the dynamic programming
tractable, and which is moreover amenable to decentralizgi jation that we arrive at is by no means straightforward to
computation [3], [2]. solve, it does appear as though it is amenable to a number of

This body of work, however, looks only at the case Ofjfferent approximate dynamic programming methods, which
static multicast, where a connection is set up for the Uggy|g lead to an implementable solution to the problem of
of a multicast group and then discarded. The membersl@jgnamic multicast for coded networks.
of the multicast group is assumed to be constant for they,, begin, in the following section, with a description of

duration of the connection. In many applications, howevepe problem formulation. In Section IlI, we discuss how the
the membership of the multicast group changes in t'mﬁroblem may be solved.

with nodes joining and leaving the group. And, under these
dynamic conditions, we often cannot simply re-establish the
connection with every membership change because doing so

would cause an unacceptable disruption in the service beingye model the network with a directed gragh= (I, A),
delivered to those nodes remaining in the group. A goGghere NV is the set of nodes and is the set of arcs. There
example of an application where such issues arise is regl-a special nodes called the source node; we denote the
time media distribution. Thus, we desire to find minimum-cogémainder the of nodes by’ := N \ {s}. Each arc(i, j)
time-varying trees or subgraphs that can deliver continuopg;presems a lossless point-to-point link from nad® node
service to dynamic multicast groups. This is the dynamit and we associate with it a convex, monotonically increasing
multicast problem. cost functionf;; taking values in the extended real numbers:
When packets are injected into dcj) at ratez;; for one unit
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no. F49620-01-1-0365. cost. We call the vector, whose elements are the rates

Il. PROBLEM FORMULATION



allow for the change to settle by waiting for one time unit,
then decrease the subgraph to

(212, 213, 224, 234) = (0,1,0, 1).

With this series of operations, node 4 maintains continuous
service throughout the subgraph change.

We discretize the time axis into time intervals of a single
time unit. We suppose that at the beginning of each time
interval, we receive zero or more requests from sink nodes
that are not currently part of the multicast group to join and
zero or more requests from sink nodes that are currently part
of the multicast group to leave. We model these join and
at which packets are injected into each arc, the multicalgtave requests as a discrete stochastic process apd make the
subgraph. assumption that, once all the memberg of 'the multicast group

The unit of time that we employ is related to the timéeave, the connection is over and remains in that state forever.

that it takes for changes in the multicast subgraph to setth€t Tm _de”‘?te the sink nodes in the multicast group at the
nd of time intervaln. Then, we assume that

In particular, suppose that at a given time the multica§
subgrap_h iz an_d that it is capable of supporting a multicast lim Pr(T,, #0|Ty=T) =0 (1)
connection to sink node®. Then, in one unit time, we can m—oo

change the multicast subgraph t6, which is capable of for any initial multicast grougl’. A possible, simple model
supporting a multicast connection to sink nod&s without of join and leave requests is to modél,,| as a birth-death
disrupting the service being deliveredfon T” provided that process with a single absorbing state at state 0, and to choose
(componentwise) > 2’ or z < 2. The interpretation of this a node uniformly fromN’\ T;,, at each birth and frorf;,, at
assumption is that we allow, in one time unit, only for theach death.

subgraph to increase, meaning that any sink node receivind-et (™) be the multicast subgraph at the beginning of
a particular stream will continue to receive it (albeit witime interval m, which, by the assumptions made thus far,
possible changes in the code, depending on how the codingnieans that it supports a multicast connection to sink nodes
implemented) and therefore facing no significant disruption #G,,—:. Let V,,,_, and W,,,_, be the join and leave requests
service; or for the subgraph to decrease, meaning that any dinkt arrive at the end of time intervah — 1, respectively.
node receiving a particular stream will be forced to reduce tdence,V,,—1 C N’ \ Tr1, Win1 C Tynq, @and T, =

a subset of that stream, but one that is sufficient to recover 8,1 \ W,,_1) U V;,_1. We choosez("+1) from (™) and
source’s transmission provided that the sink node i&irand  7;,, using the functionu,,, soz(™+1) = p,, (2™ T,,,), where
therefore again facing no significant disruption to service. Wé™*1) must lie in a particular constraint s&t(z("),T,,).

do not allow for both operations to take place in a single unit To characterize the constraint 9é{z, T'), we make use of

of time (which would allow for arbitrary changes) becausd&heorem 1 of [1], which we now quote.

in that case, sink nodes may face temporary disruptions toTheorem 1: Consider the following optimization problem:
service when decreases to the multicast subgraph follow too

Fig. 1. A four node network.

closely to increases. minimize ) fi;(zj)
As an example, consider the four node network shown in (.)€
Figure 1. Suppose that = 1 and that, at a given time, we subject toz;; > xg), YV (i,j) €A teT,
haveT = {2,4}. We support a multicast of unit rate with the Z MONS Z MONIpSO} )
subgraph R Jr g
{4l(i,4)eA} {3lGHeA}

2125 2135 224, 2. = 17071,0.
(212, 213, 224, 234) = ( ) VieN,teT,

Now suppose that the group membership changes, and node

®) < o
2 leaves while node 3 joins, sB' = {3,4}. As a result, we iy =20, Vg eAteT,
decide that we wish to change to the subgraph where
R ifi=s,
(212, 213, 224, 234) = (0,1,0,1). o= R ifi=t,
If we simply make the change valy in a single time unit, 0 otherwise

then node 4 may face a temporary disruption to its service as_l_h . t 2 feasibl lution if and onlv if th
packets on(2,4) stop arriving and before packets @8, 4) The vectorz |skpartdo z?qeag e solution II and only if there.
start arriving. The assumption that we have made on allowE§/StS @ network code that sets up a multicast connection in

operations ensures that we must first increase the subgrapﬁrﬁﬁhG at rate arbnrarﬂy close gt from sources t9 sinks
in the setT” and that injects packets at rate arbitrarily close to

(212,213,2247234) = (1,1, 1, ), Zij on each arc{i,j).



function

JW(Z(O)vTO)
M—-1
. m—+1
:MhinooE Z Z fij(z§j+))xgzv/\{@}(Tm) )
m=0 (4,j)€A

wherex,~\ (gy is the characteristic function fa™"\ {0} (i.e.
We impose the assumption that there exists Z(N’) such
Fig. 2. A network used for dynamic multicast. that E(i’j)eA fij(zij) < oo; that is, we assume that there
exists a subgraph that supports broadcast at finite cost. This
assumption, coupled with (1) ensures that there exists at least
From Theorem 1, it follows that we can writé(z,T) — one po_I|cy7r (namely, the one (E)r;at usesuntil the multicast
U, (2,T)UU_(,T), where group is empty) such thaf,(z\°),T;) < oo and places an
+ < —\% ’ . .
upper bound on the cost of the optimal policy.
It is now not difficult to see that we are dealing with an

Ui(2,T)=1{z € Z(T)| > 2}, undiscounted, infinite-horizon dynamic programming problem
U_(2,T) = { € Z(T)|' < 2} (see, for example, [8, Chapter 3]), and we apply the theory
- - developed for such problems to our problem in the following

section.

and Z(T) is the feasible set of problem (2) for a giv&n

It is worth noting that, as a consequence of the charac-
terization of the constraint sdt(z,7), we can, from any
zm) such that)>, ;4 fij(zg”)) < o0, choosez(™+1 such

that Z(i’j)eA fij(zi(;”l)) < oo provided that the_re exists  Jj*(z,7T)
z € Z(T,,) such thatzéw.)eA fij(zij) < oo; that is, from

any subgraph incurring finite cost at stage it is possible to  _ : o *

go to a subgraph incurring finite cost at stager- 1 provided uelgrl(l?,T) (MZ);A Jig ) + BLT (0, (TA V) UW)]
that one exists for the multicast grofip,. But while this is the ’
case for coded networks, it is not always the case for routédl” # 0, and J*(z,T) = 0 if T = (. Moreover, the optimal
networks. Indeed, if multiple multicast trees are being used (@@st is achieved by the stationary poliey= {x, i, . ..}, where
discussed in [7], for example), then it is definitely possible to is given by

find ourselves in a state where we cannot incur finite cost at

stagem + 1 even though static multicast B, at finite cost pu(z,T

is possible using multiple multicast trees.

As an example of this phenomenon, consider the network= argmin ¢ > fi;(ui;) + E[J*(u, (T \ V) U W)
depicted in Figure 2. Suppose that a finite cost is incurred if the weUED) | )ea
rate on each arc does not exceed 1 and that the cost is infinite @)
otherwise. Suppose further that= 1 and that, at a given time, it 7 -« ¢, andu(z, T') = 0 if T = 0.

we haveT' = {6,8}. We support a multicast of rate 2 with  The fact that the optimal cost can be achieved by a stationary
the two trees{(1,3),(3,4),(4,5),(5,6),(5,7),(7,8)} and pojicy limits the space in which we need to search for optimal
{(1,2),(2,6),(6,8)}, each carrying unit rate. Now supposgylicies significantly, but we are still left with the difficulty
that the group membership changes, and node 6 leaves Wiilg the state space is uncountably large; it is the space of all
node 7 joins, sdl” = {7,8}. It is clear that static multicast possible pairs(z, T), which is RI4l x 2V The size of the

(we simply reflect the solution fdf), but we cannot achieve tachniques such as value iteration to obtdin

multicast to7"” at finite cost by only adding edges to the two o the other hand, give*, it does not seem at all
existing trees. Our only recourse at this stage is to abanqﬁﬁblausible that we can compute the optimal decision at
the existing trees and establish new ones, which causeg,@ beginning of each time interval using (3). Indeed, the
disrupt_ior_1 to the servic_e of node 8, or to gradually reconfigu&nstramt set is the union of two polyhedra, which can be
the existing trees, which causes a delay before node 7higndled by optimizing over each separately, and, although the
actually joined to the group. objective function may not necessarily be convex owing to the
Returning to the problem at hand, we see that our objectiterm E[J* (u, (T \ V) U W)], we are, at any rate, unable to
is to find a policym = {uo, p1, ..., } that minimizes the cost obtain J* precisely on account of the large state space, and

Ill. PROBLEM SOLUTION

First, we note that the optimal cost functidri := min, J
satisfies Bellman’s equation; namely, we have



can restrict our attention to approximations that make problampon the approximation that is used for the optimal cost
(3) tractable. function, this optimization conducted every time interval may
For dynamic programming problems, there are many ape tractable and may even be amenable to decentralized
proximations that have been developed to cope with large statenputation using the techniques developed in [5], [2] (or
spaces (see, for example, [8, Section 2.3.3]). In particular, winple modifications thereof).
can approximated*(z, T') by J(z,T,r), whereJ(z, T, r) is of We do not explore specific approximations for the optimal
some fixed form, and is a parameter vector that is determinedost function, and leave it as a clear avenue for further work.
by some form of optimization, which can be performed offline
if the graph( is static. The specific approximatiod$z, T', )

that we can use and their performance are beyond the sc8peP- S. Lun, M. Medard, T. Ho, and R. Koetter, “Network coding with a
of this paper cost crlterlo_n, in P_roc._ 2004 International Symposium on Information
paper. Theory and its Applications (ISITA 2004), Oct. 2004.
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