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Abstract— Minimum-entropy decoding is a universal decoding
algorithm used in decoding block compression of discrete mem-
oryless sources as their multiterminal counterparts, such as the
Slepian-Wolf problem. It has recently been shown that such an
algorithm can be applied for combined distributed compression
and distributed routing in a randomized distributed network
coding framework. The ‘method of types shows that there exist
linear codes that when applied with such an algorithm, can
attain the same error exponent as that of a maximum-likelihood
decoder. Owing to the algorithm being generally NP-hard, the
traditional rationale for discussing thistechnique has been mostly
theoretical pursuit. Here we discuss practical approximation
algorithms to minimum-entropy decoding by using ideas from
linear programming. We exploit two main facts. First, the
‘method of types shows that that the number of distinct types
is polynomial in the block length n. Second, recent results in
the optimization literature have illustrated polytope projection
algorithms whose complexity is a function of the number of
vertices of the polytope projection. Combining these two ideas,
we leverage recent results on linear programming as a relaxation
for error correcting codes to construct polynomial complexity
algorithms for this setting.

I. INTRODUCTION

Distributed compression of correlated sources has becom?zecently
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guantifies the ensemble average exponential rate of decay in
error probability for all achievable rates. In [2], Csasshowed

that randonlinear block codes asymptotically achieve optimal
performance - in terms oR [P (u',...,u*)] and E,(R).
Practically speaking, this problem is difficult because of the
complexity in jointly decoding thelM sources. On top of
this, Csisar showed [2] that the same performance can be
attained universally using linear encoding: without the a priori
knowledge ofP (u?,...,u") at the encoder nor decoder. The
universal ‘minimum-entropy’ decoder, however, is nonlinear
and computationally infeasible with practical limitations. Con-
sequently, discussions of universal decoding have been mostly
confined to the realm of proofs of existence.

Recently Ho. et al [3] brought Csiags framework to the
realm of distributed randomized network coding by consid-
ering a situation where arbitrarily correlated sources must
traverse through a network. By performing linear block opera-
tions for compression as well as linear operations for network
coding, the authors showed that the aggregate linear transfor-
mation attains all achievable rates, and the same ‘minimum-
entropy’ decoder provides universality.

consideration of separating distributed source cod-

of in'gerest in t_he .resegr.ch CO““’“”T‘“Y rece_ntly bec:_iuse of iif;@ from network coding illustrated that this is in general a
possible promise in efficient transmission of information Wherﬁjboptimal strategy [4]. Thus we can conclude that when con-

energy, comp_utappn, and commur_ucatlo_n constraints pmh'gﬂiering combined routing and distributed data compression,
nodes from significantly cooperating with one another. T A

. L g framework discussed in [3] is crucial.
Slepian-Wolf framework [1] addresses near-lossless distribute tter bringing forth definii d liminaries i
compression and has served as a substructure in a numpdHter Pringing forth definitions and preliminaries in sec-

of distributed data dissemination strategies. For a sebfof tion Il, we construct in section Il a low-complexity universal
correlated discrete memoryless sources (DMS) relaxation to the proposed universal decoder that has a certifi-

(U UM) ~ P (ul uM), the achievable rate regioncate property. The basis for our approach centrally relies on
R [}’g(ui W] is iCJ|ve’n by ' tying recent results in the optimization and polyhedral theory
Y literature on polytope projection to well-known information-

ZRi > H(US)|U(S)) ¥ S C{1,2,...,M} 1) theoretic results from the ‘method of types’'.

€S

whereU(S) = {U’};cs. Forasetof rate® = (Ry,..., Ru)
and a block code of length, the probability of error for a set
of encoder< is given by P¢, (R). The random codingrror
exponent, given by '

II. PRELIMINARIES

Throughout this discussion we consider a discrete memo-
ryless source (DMS) paifU*, U?) € U = U; x U with joint

.1
lim —Fe¢ [~ log Pen(R)], probability distribution Pfu) whereu = (u',u?). We adhere

n—oo N

E,(R) 2



to the following definitions:

CH(S) = the convex hull of alls € §
V(B) = {veB|uvisa vertex of the polytop&}
H (B) the number of half-spaces representifig
PU) = {P:({Pa}aeu) :PZQ,ZPazl}
acU

1 n
P, - E _ "
N ({ - 1u1a} ) foruel (2)
i=1 acU

P.(U) = {PePMU):P=P,for someuc "}
We exploit the following property repeatedly:

n o n _ k
O-(7) o o
The ‘method of types’ [2] exploits this property

n+|Ul-1

P @) = ( |u|| 1 ) (42)

- 0 (n'ul_l) (4b)

to show thatthe number of types is polynomial in n.
Here we consider the case wherec {1,2}, [U,| =
and block compression transforms € U to s" € U™ via
—H{'/—
a linear codeH" =

7~ I

€ UM =" according to

To associate the joint type dfu',u?) € Co(H",s') x
Co(H?, s?) through the indicator variablé we construct the
linear mapping

P = 7(I), whereP(a)

ZI“

and note that for each € V (B), P = 7(I) is the joint type
given by (2) associated wittu', u?) = (! (1), u2(1)).

SinceH (P) is dtrictly concave in P, and since for concave
minimization over a polytope an optimal solution liesur(13)
[5], we can perform (5) in the continuous domain:

min H(P) (8a)

st.  (I,P)eB"? (8b)

where  B"? ={(I,P)|I € B,P=7(I)}  (8c)

and take(u!*, u?*) = (u*(I*), u?(I*)) where (I*, P*) is an

optimal solut|on to (8).
This formulation presents two major problems:

1) By virtue of ML-decoding for linear codes generally
being NP-hard, the best bound oH (B) (and thus
H (B"?)) is O(2").

2) Along with not knowing how to efficiently represeit?,
another problem manifests itself in (8)V (B'*)| =
O(2™) and ‘concave minimization over a polytope’ is NP-
hard [5], generally requiring to visit every € V (B"?).

= H"u" where agebralc operations are performed over To avoid problem 2), we note that although (B"7)| =

Isz Fory € {1,...,m,} we defineN (j) £ {i|H;; = 1}

O(2"), from (4) we have thatP,, ()| = O (n#I=1). We thus

and §; = |N (j )\ Throughout this discussion we considegonsider the following strategy:

achievable rates, as given by (1).

IIl. UNIVERSAL MINIMUM -ENTROPY DECODING

The minimum-entropy (ME) decoder usgs', s?} along
with {H', H?} to selecti, = @', 4* according to:
4 = ar min H (P ,2) (5)

& {u"€Co(H",5")}r=1,2

where  CdH",s")={u|Hu=s"}.

Note that (5) is a discrete optimization problem with an ex-
ponential number of candidates. We now discuss formulating
the ME decoding problem in terms of a continuous concave

minimization problem. Fora = (a1,a2) € U x Uz, we
defineI? to be the indicator variable for the evept!, u?) =
(a1,a2). Define

LT(I) — Z 1992 wherer = {172} \7"
arE€UR
prI) =Y (1)
ar€EU,
Z(HT,QT) — {I | ‘u E CO(HT T)} (6)

B = {I‘L()GCH( ( s )),T=1,2}(7)

Note thatB represents the convex hull of all indicatarghat
are consistent with members of CH', s') x Co(H?, s?).

a) ProjectB? onto B? = {P | (I, P) € B"? for somel}.
b) Perform the minimization

min
s.t.

H(P)
P e BP(H,s).

(9a)
(9b)

Note that from (4) the worst-case scenario of enumerating
through eachy € V (BP) involves a polynomial number
of visits. Denote the verte®* as the minimizer in (9).

¢) Find anI* such that(I*, P*) is a vertex of B“P(H, s)
and letu* = p(I*) be the estimated codeword.

Performing the projection of a polytope, as in a), was orig-
inally addressed with Fourier-Motzkin elimination [6, section
2.8] and is in general extremely computationally complex.
However, in this situationi3? is fixed dimension, invariant of
n, and (4) suggests using special-purpose polytope projection
algorithms that are low-complexity in this case. Recent de-
velopments [7, Sec. 3], [8] in the optimization literature have
illustrated polytope projection algorithms whose complexity is
only alinear function of [V (BP)| or H (BP). Instantiation of
a single LP [6] addresses c).

To avoid problem 1) we consider a relaxed polytdpein
the spirit of LP relaxations for channel coding [9], to replace
B. For a linear codeH”, each local constraint is a smaller



Fig. 1. Norma Syndrome-Former Encoding Graph
linear code and
My
Co(t”,s") = ([ {u|up) € Co(H].5})}
j 1
= I(H",s") = ﬂ:f 7.8%) (10)
where Z(Hj,sj) = {I\ﬂ )iv) € Co(Hj,s7)}

Figure 1 illustrates a normal graph representation [10], where
codeword symbols are associated with edges and constraint
codes are associated with nodes. The jth node with a ‘4’
sign is a single parity check code connected to one syndrome
symbol s; and a set of ¢; adjacent variable nodes, given by
N (j). It enforcesthe constralnt that that the symbolsin N ()
aong with s; must sum (over Fy») to 0. Each node with
an ‘=’ sign is a repetition code enforcing the constraint that
all symbols lying on its adjacent edges must be equal. Since

Z(H",s") can be represented as (10) we consider
BT(H;”, st) = {I1()ng) € CH(Z( HY, s} )} (11)
2 m,
B = () ﬂb”" Hj, ).
r=1j5=1

Analogous to Feldman's illustration [9, sec. 5.5] for chan-
nel decoding of binary linear codes, it can be shown that
BT(H;”, s) can be compactly represented:

Lemma 3.1: The polytope BT( H? s”) can be represented

Jr°g

as

By () = {1+ (La,2) e Wy (H],s7) }
where [{ag, 2} = O (nl) and H( r(HT, s ;)) -
O (nt).

The proof details follow in the appendix. For any graphical
representation as denoted in Figure 1 other than a tree, how-

ever, V QB? includes fractional entries, termed ‘ pseudocode-
words' [11]. Nonetheless it can be shown that
Icvy (B) isintegral = {u"(I) € Co(H",s")},=12- (12)

Our aggregate strategy using B considers performing a relaxed
universal decoder by performing steps a)-c) replacing

where W = N2_ L Ny Wi (HY, s%). Because of the frac-

77 J
tional ‘pseduocodewords in V (B) we must check that
V (BP is polynomial in n in order to guarantee a poly-
nomial complexity decoder.
Because H (W) = O(nUI+1), it follows that
H (W) =# (W) + 2| = oM,

We now note the following lemma:
Lemma 3.2:

- ~ o\ U
#(B) =0 (n (W)
Proof: Note that we are projecting the d-dimensonal
polytope B C R¢ (where d = O (nll)) onto B C R
Since H (Wivf’) = O(nM+1), we can construct an auxil-

iary polyhedron Wi» C R™(
unconstrained variables

(k=1

and adding f; to the kth halfspace inequality representing
WP, We now consider projecting W onto B”. We note
that in general, projecting a M -dimensional polyhedron B with
H (B) = N onto a || dimensional polyhedron BP requires at

most
N
(ar-a+1)

halfspaces to represent BP. For our case we have N = M =
H (W”’) =H (Vw’vp) and thus we have from 3 that

() )= o0 ().

" (Bp) : (H (Vvim) — U +1

Since any d-dimensional polytope B has a most (7))
vertices [6], we have from (3) that

v ()]0 (=(&)"),

which is polynomial in n.

Thus both |V (B?)| and H (B?) are polynomia in n,
and thus either of the approaches in [7, Sec. 3] or [8] leads
to a polynomia complexity solution. By virtue of (12) we
have therefore constructed a polynomial complexity universal
decoder that has the ME-certificate property: if an integral
solution is found, it is the minimum-entropy solution.

W) by introducing auxiliary

T=H (Bivp) —d

IV. CONCLUSION

In this discussion we have considered low-complexity ap-
proximations to minimum-entropy universal decoding that
have a certificate property. These results rely on exploiting
well-known results from the ‘ method of types' and noting how

B"? with Wi:p ={l,a,2 P)|(I,a,2) € W, P =r(I)}, and this relates to low-complexity polytope projection algorithms.
BP with B = {P | (I, a, z, P) € W"P for some (I,«, z)} By using appropriately constructed graphical codes, such as



low-density parity check codes [10], and because of the linear
programming decoder’s strong connection with the min-sum
iterative decoder [12], we conjecture this agorithm will have
good decoding properties for appropriately constructed irreg-
ular codes. Because of the use in the network coding context,
future work should consider successfully implementing this
algorithm on general linear codes, and/or considering ways
to construct randomized distributed network coding strategies
that allow for good decoding with the aforementioned low-
complexity decoder.
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APPENDIX

Proof of Lemma 3.1:
For a check j with syndrome symbol s; we let T} be the set
of all possible weighted types of local codewords consistent
with check j and syndrome s;. More explicitly, define:
N(j)|Py : u€ Co(Hj,s5)} .

J’J

T, = {7 -

Our new polytope has three sets of variables:

o Foralie{l,...,n}, a €U, we have indicators I €
[0, 1] that represent whether or not u! = a.

« For dl T" € T;, we have a variable a;r € [0,1]
that represents the contribution of local codewords of
weighted type 7.

o Foral T'eT;,acldandiec N(j), wehave avariable
zijTa € [0,a;7] that indicates the portion of 1(I;)
assigned to local codewords of weighted type T

Using these variables, we have the following constraint set:

Vi€ N(j),a = Z Zi,5,T,a (13)
TET;
> ajr=1 (14)
TET;

Va,T € Ty, > zijra =T(a)o;r(15)

iEN(F)
Vie N(j),a 0<I*<1 (16)
VT € Tj7 0< Qj T <1 (17)
Va,i S N(]),P S Tj, 0< 2, T,a < o T (18)
Let WT(H;, s7) be the set of points (I,a,z) such
that al the above constraints hold. Since there are

IN(j)||U| variables I¢, |Pine (IU])| variables o r
and U ING)| | Pivey) |U|)] vanables ZijTar there
ae OV 4 P ()| + ING) [Py (D)
variables. Since in genera |N(j)] < mn, We have

that there O(nll) variables. By similar arguments, the
constraints involving z; ; v, dominate the characterization of

H (WT(HT r)) and thus A (WT(HT r)) = O(nM). Let

77 ] 7o J
Qn(H?, s") represent the projection of W (H?, s%) onto the
I vanables ie,
OF(HY,s7) = {I: (I,a,2) € WI(H],s%)}.

J’7

Before proving the eguivalence of Q’( HY,s%) and

BT(HJ”, ;) we briefly note that the polytope BT( 17, ]) can
be expressed as the set of all I such that (I,w) € Z’(H;, s%)

for some w where ZT(H 7, s%) has the following constraints:

27 J
VI € I(HJ, s}), 0<w;r<1 (29
> = 1 (20)
I€T(HY,s%
Vie N(j) I¢= Z wj1. (21)

IeZ(H],s7),
Lp(l)=a

This follows directly from (11).

We now show that Q’(HT sh) = B’(H’" s%). Suppose I €

77 J 77 ]
BT(H;, s%). Set variables {w;,1}1ez (ry,s7) Such that (I,w) €
Zzr (H;, ;) Set
;T = Z Wiy 1 (22)
IET(H] ,s7),
IN()|Pury=T
Z,'J',Tﬂ = Z ij (23)
IET(H] s7),
IN()|P, (1) =T,
w(I)i=

Note that (16),(17),(18) are satisfied. Constraint (13) isimplied
by (21) and (23). Constraint (14) is implied by (20) and (22).



Finally, we have

Z Zi§,Tya = Z Z w;1  (owing to (23))
iEN(J) iEN(j) 1€Z(H],s}),
\N(J)|PN(1) T,
w(I)i=a
= Z T(CL)UJjJ
I€T(H} ]
IN@)|P L(I) T
= T(a) Z Wy 1

1EZ(H],57),
IN()|Puny=T

= T(a)ajr (owingto (22))
which gives constraint (15). It thus follows that B’( HY,s%) C
Qj (Hj, 7).

The following Iemma (provided in [9, pp. 80-81]) will aid
to prove that QT( 7,85) C BT(HJ’, st

Lemma 1.1: Let X = {xy,..., 2z}, 2 < M, and ) a; =
kM where k,n,M and al x; are nonnegative integers.
Then X can be expressed as the sum of sets of size k. In
other words, there exists a setting of the variables {ws :
S C{1,...,n},|S| = k} to non-negative integers such that
Ysws=M,andforalic{l,....,n},z; =) g5, ws

Proof: By induction on M, The base case (M = 1) holds
because all z; are either 0 or 1 and thus & of them are equal
tol. LetS={i:x; =1} and set ws = 1.

For the induction step, we will greedily choose S consisting
of the indices of the k largest z;. After increasing ws by 1,
our induction step will be complete.

Assume WLOG that zy > 2o > ... > z,. Set X' =
(«,...,z,) where zf = x; — 1 fori < k and 2} = x;
otherwise. Since ). z; = kM and z; < M, it follow sthat
the largest k£ values x4, ...,z are a least 1. Also, we must
havethat x; < M —1fordli > k. Thus0 < z; < M —1 for
ali.Wedsohave ), x; = Y. x;—k = (M —1)k. Therefore,
by induction, X’ can be expressed as the sum of w’s where S
has size k. Set w = w’ and increase wy, ... ;) by 1. [ ]

) Set the variables o and
For dl T < T}, consider

Now suppose I € V (QT(

z such that (I, a,2) € Wj(H
the set

A7, 5j)

J’ J)

X = {—Zi’j’T’a } .
a5 T
Note that by (18) all members of X; are between 0 and 1.
Let % be a common divisor of the numbers in X; so that 3

is an integer. Let
X, - {Bzz‘,jma } _
;T

The set X, contains integers between 0 and 5. By (15) we
have that the sum of the elements in X, equals T'(a)5. Thus
by Lemma 1.1, the set X, can be expressed as the sum of sets
of size T'(a). Set the variables {wr,1 € Z,|N(j)| Py)(a) =

T'(a)} according to Lemma 1.1. Now set w; = “ﬁ wy, for

dl I € Z,[N(j)| Pyny(a) =
(19). By Lemma 1.1 we have:

T(a). We immediately satisfy

>

IET(H s7),
NG Py =T,

u(l)i=a

QT = §

IeZ(H?,s”

“UH »55)s
NG Pury=T

ZijTa = wji 1 (24)

wj1 (25)

By (13) we have

a
L = E Zij,T.a

TET;

)N

TET; 1€I(H},s)),
[N ()P

w(="T,

w(I)i=a
IET(H},s}),
;A(I)l—a

which gives (21). By (14) we have

=Y - Y%

Wj 1 (OWIng to (24))

Wij1

w;1  (owing to (25))

TEeT; TeT; 1€L(H],s}),
IN()|Ppny=T
= D wi
ez
which gives (20). Thus (I,w) € ZT(H]T, st) and so I €

B (Hj.5;) . We have shown that all 1 € v (Q; (1. 5})) are

77 J 27 J
contained in BT(HT ™) and thus QT(H;”, sh) C BT(H’” s).

J’J J’J
i



