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Abstract— Minimum-entropy decoding is a universal decoding
algorithm used in decoding block compression of discrete mem-
oryless sources as their multiterminal counterparts, such as the
Slepian-Wolf problem. It has recently been shown that such an
algorithm can be applied for combined distributed compression
and distributed routing in a randomized distributed network
coding framework. The ‘method of types’ shows that there exist
linear codes that when applied with such an algorithm, can
attain the same error exponent as that of a maximum-likelihood
decoder. Owing to the algorithm being generally NP-hard, the
traditional rationale for discussing this technique has been mostly
theoretical pursuit. Here we discuss practical approximation
algorithms to minimum-entropy decoding by using ideas from
linear programming. We exploit two main facts. First, the
‘method of types’ shows that that the number of distinct types
is polynomial in the block length n. Second, recent results in
the optimization literature have illustrated polytope projection
algorithms whose complexity is a function of the number of
vertices of the polytope projection. Combining these two ideas,
we leverage recent results on linear programming as a relaxation
for error correcting codes to construct polynomial complexity
algorithms for this setting.

I. I NTRODUCTION

Distributed compression of correlated sources has become
of interest in the research community recently because of its
possible promise in efficient transmission of information where
energy, computation, and communication constraints prohibit
nodes from significantly cooperating with one another. The
Slepian-Wolf framework [1] addresses near-lossless distributed
compression and has served as a substructure in a number
of distributed data dissemination strategies. For a set ofM
correlated discrete memoryless sources (DMS)
(U1, . . . , UM ) ∼ P

(
u1, . . . , uM

)
, the achievable rate region

R [
P

(
u1, . . . , uM

)]
is given by∑

i∈S

Ri > H (U(S)|U(Sc)) ∀ S ⊆ {1, 2, . . . ,M} (1)

whereU(S) = {U j}j∈S . For a set of ratesR = (R1, . . . , RM )
and a block code of lengthn, the probability of error for a set
of encodersC is given byP C

e,n(R). The random codingerror
exponent, given by

Er(R) � lim
n→∞

1
n
EC [− logPe,n(R)] ,

quantifies the ensemble average exponential rate of decay in
error probability for all achievable rates. In [2], Csiszár showed
that randomlinear block codes asymptotically achieve optimal
performance - in terms ofR [

P
(
u1, . . . , uM

)]
and Er(R).

Practically speaking, this problem is difficult because of the
complexity in jointly decoding theM sources. On top of
this, Csisźar showed [2] that the same performance can be
attained universally using linear encoding: without the a priori
knowledge ofP

(
u1, . . . , uM

)
at the encoder nor decoder. The

universal ‘minimum-entropy’ decoder, however, is nonlinear
and computationally infeasible with practical limitations. Con-
sequently, discussions of universal decoding have been mostly
confined to the realm of proofs of existence.

Recently Ho. et al [3] brought Csiszár’s framework to the
realm of distributed randomized network coding by consid-
ering a situation where arbitrarily correlated sources must
traverse through a network. By performing linear block opera-
tions for compression as well as linear operations for network
coding, the authors showed that the aggregate linear transfor-
mation attains all achievable rates, and the same ‘minimum-
entropy’ decoder provides universality.

Recently, consideration of separating distributed source cod-
ing from network coding illustrated that this is in general a
suboptimal strategy [4]. Thus we can conclude that when con-
sidering combined routing and distributed data compression,
the framework discussed in [3] is crucial.

After bringing forth definitions and preliminaries in sec-
tion II, we construct in section III a low-complexity universal
relaxation to the proposed universal decoder that has a certifi-
cate property. The basis for our approach centrally relies on
tying recent results in the optimization and polyhedral theory
literature on polytope projection to well-known information-
theoretic results from the ‘method of types’.

II. PRELIMINARIES

Throughout this discussion we consider a discrete memo-
ryless source (DMS) pair(U1, U2) ∈ U = U1 ×U2 with joint
probability distribution Pr(u) whereu = (u1, u2). We adhere



to the following definitions:

CH(S) = the convex hull of alls ∈ S
V (B) = {v ∈ B | v is a vertex of the polytopeB}
H (B) = the number of half-spaces representingB

P (U) =

{
P =

({Pa}a∈U
)

: P ≥ 0,
∑
a∈U

Pa = 1

}

Pu =

({
1
n

n∑
i=1

1ui=a

}
a∈U

)
for u ∈ Un (2)

Pn (U) =
{
P ∈ P (U) : P = Pu for someu ∈ Un

}
We exploit the following property repeatedly:(

n

k

)
=

(
n

n− k

)
= O(nk). (3)

The ‘method of types’ [2] exploits this property

|Pn (U)| =
(
n + |U| − 1
|U| − 1

)
(4a)

= O
(
n|U|−1

)
(4b)

to show thatthe number of types is polynomial in n.
Here we consider the case wherer ∈ {1, 2}, |Ur| = 2t

and block compression transformsur ∈ Un
r to sr ∈ Umr

r via

a linear codeHr =




−Hr
1
′−

...
−Hr

mr

′−


 ∈ Umr×n

r according to

sr = Hrur where algebraic operations are performed over
F2t . For j ∈ {1, . . . ,mr} we defineN (j) � {i|Hj,i = 1}
and δj = |N (j)|. Throughout this discussion we consider
achievable rates, as given by (1).

III. U NIVERSAL MINIMUM -ENTROPY DECODING

The minimum-entropy (ME) decoder uses{s1, s2} along
with {H1,H2} to selectû = û1, û2 according to:

û = arg min
{ur∈Co(Hr,sr)}r=1,2

H
(
Pu1,u2

)
(5)

where Co(Hr, sr) = {u ∣∣ Hru = sr}.
Note that (5) is a discrete optimization problem with an ex-
ponential number of candidates. We now discuss formulating
the ME decoding problem in terms of a continuous concave
minimization problem. Fora = (a1, a2) ∈ U1 × U2, we
defineIa

i to be the indicator variable for the event(u1
i , u

2
i ) =

(a1, a2). Define

ιr(I) =
∑

ar̄∈Ur̄

Ia1,a2 where r̄ = {1, 2} \ r

µr(I) =
∑

ar∈Ur

arι
r(I)

I(Hr, sr) = {I ∣∣ µr(I) ∈ Co(Hr, sr)} (6)

B = {I|ιr(I) ∈ CH(I(Hr, sr)), r = 1, 2} (7)

Note thatB represents the convex hull of all indicatorsI that
are consistent with members of Co

(
H1, s1

) × Co
(
H2, s2

)
.

To associate the joint type of(u1, u2) ∈ Co
(
H1, s1

) ×
Co

(
H2, s2

)
through the indicator variableI we construct the

linear mapping

P = τ(I), whereP (a) = τa(I) =
1
n

n∑
i=1

Ia
i

and note that for eachI ∈ V (B), P = τ(I) is the joint type
given by (2) associated with(u1, u2) =

(
µ1(I), µ2(I)

)
.

SinceH (P ) is strictly concave in P , and since for concave
minimization over a polytope an optimal solution lies inV (B)
[5], we can perform (5) in the continuous domain:

min H(P ) (8a)

s.t. (I, P ) ∈ Bi,p (8b)

where Bi,p = {(I, P )|I ∈ B, P = τ(I)} (8c)

and take(u1∗, u2∗) = (µ1(I∗), µ2(I∗)) where(I∗, P ∗) is an
optimal solution to (8).

This formulation presents two major problems:

1) By virtue of ML-decoding for linear codes generally
being NP-hard, the best bound onH (B) (and thus
H (Bi,p

)
) is O(2n).

2) Along with not knowing how to efficiently representBi,p,
another problem manifests itself in (8):

∣∣V (Bi,p
)∣∣ =

O(2n) and ‘concave minimization over a polytope’ is NP-
hard [5], generally requiring to visit everyv ∈ V (Bi,p

)
.

To avoid problem 2), we note that although
∣∣V (Bi,p

)∣∣ =
O(2n), from (4) we have that|Pn (U)| = O

(
n|U|−1

)
. We thus

consider the following strategy:

a) ProjectBi,p ontoBp = {P | (I, P ) ∈ Bi,p for someI}.
b) Perform the minimization

min H(P ) (9a)

s.t. P ∈ Bp(H, s). (9b)

Note that from (4) the worst-case scenario of enumerating
through eachv ∈ V (Bp) involves a polynomial number
of visits. Denote the vertexP ∗ as the minimizer in (9).

c) Find anI∗ such that(I∗, P ∗) is a vertex ofBi,p(H, s)
and letu∗ = µ(I∗) be the estimated codeword.

Performing the projection of a polytope, as in a), was orig-
inally addressed with Fourier-Motzkin elimination [6, section
2.8] and is in general extremely computationally complex.
However, in this situation,Bp is fixed dimension, invariant of
n, and (4) suggests using special-purpose polytope projection
algorithms that are low-complexity in this case. Recent de-
velopments [7, Sec. 3], [8] in the optimization literature have
illustrated polytope projection algorithms whose complexity is
only a linear function of |V (Bp)| or H (Bp). Instantiation of
a single LP [6] addresses c).

To avoid problem 1) we consider a relaxed polytopeB̃, in
the spirit of LP relaxations for channel coding [9], to replace
B. For a linear codeHr, each local constraint is a smaller



Fig. 1. Normal Syndrome-Former Encoding Graph

linear code and

Co (Hr, sr) =
mr⋂
j=1

{
u

∣∣ u|N(j) ∈ Co
(
Hr

j , s
r
j

)}

⇒ I(Hr, sr) =
mr⋂
j=1

I(Hr
j , s

r
j), (10)

where I(Hr
j , s

r
j) =

{
I

∣∣ µr(I)|N(j) ∈ Co
(
Hr

j , s
r
j

)}
Figure 1 illustrates a normal graph representation [10], where

codeword symbols are associated with edges and constraint
codes are associated with nodes. The jth node with a ‘+’
sign is a single parity check code connected to one syndrome
symbol sj and a set of δj adjacent variable nodes, given by
N (j). It enforces the constraint that that the symbols in N (j)
along with sj must sum (over F2m ) to 0. Each node with
an ‘=’ sign is a repetition code enforcing the constraint that
all symbols lying on its adjacent edges must be equal. Since
I(Hr, sr) can be represented as (10) we consider

B̃r
j (H

r
j , s

r
j) =

{
I | ιr(I)|N(j) ∈ CH(I(Hr

j , s
r
j))

}
(11)

B̃ =
2⋂

r=1

mr⋂
j=1

B̃r
j (H

r
j , s

r
j).

Analogous to Feldman’s illustration [9, sec. 5.5] for chan-
nel decoding of binary linear codes, it can be shown that
B̃r

j (H
r
j , s

r
j) can be compactly represented:

Lemma 3.1: The polytope B̃r
j (H

r
j , s

r
j) can be represented

as
B̃r

j (H
r
j , s

r
j) =

{
I : (I, α, z) ∈ W̃r

j (Hr
j , s

r
j)

}
where |{αk, zl}| = O

(
n|U|) and H

(
W̃r

j (Hr
j , s

r
j)

)
=

O
(
n|U|).

The proof details follow in the appendix. For any graphical
representation as denoted in Figure 1 other than a tree, how-
ever, V

(
B̃

)
includes fractional entries, termed ‘pseudocode-

words’ [11]. Nonetheless it can be shown that

I ∈ V
(
B̃

)
is integral ⇒ {µr(I) ∈ Co (Hr, sr)}r=1,2. (12)

Our aggregate strategy using B̃ considers performing a relaxed
universal decoder by performing steps a)-c) replacing

Bi,p with W̃i,p = {(I, α, z, P )|(I, α, z) ∈ W̃, P = τ(I)}, and

Bp with B̃p = {P | (I, α, z, P ) ∈ W̃i,p for some (I, α, z)}

where W̃ =
⋂2

r=1

⋂mr

j=1 W̃r
j (Hr

j , s
r
j). Because of the frac-

tional ‘pseduocodewords’ in V
(
B̃

)
, we must check that∣∣∣V (

B̃p
)∣∣∣ is polynomial in n in order to guarantee a poly-

nomial complexity decoder.
Because H

(
W̃

)
= O(n|U|+1), it follows that

H
(
W̃i,p

)
= H

(
W̃

)
+ 2|U| = O(n|U|+1).

We now note the following lemma:
Lemma 3.2:

H
(
B̃p

)
= O

(
H

(
W̃i,p

)|U|)
.

Proof: Note that we are projecting the d-dimensonal
polytope B̃i,p ⊆ R

d (where d = O
(
n|U|)) onto B̃p ⊆ R

|U|.
Since H

(
W̃i,p

)
= O(n|U|+1), we can construct an auxil-

iary polyhedron ˆ̃Wi,p ⊆ R
H(W̃i,p) by introducing auxiliary

unconstrained variables

{fj}, k = 1, . . . , T = H
(
B̃i,p

)
− d

and adding fj to the kth halfspace inequality representing

W̃i,p. We now consider projecting ˆ̃Wi,p onto B̃p. We note
that in general, projecting a M -dimensional polyhedron B with
H (B) = N onto a |U| dimensional polyhedron B̃p requires at
most (

N

M − |U| + 1

)

halfspaces to represent B̃p. For our case we have N = M =
H

(
ˆ̃Wi,p

)
= H

(
W̃i,p

)
and thus we have from 3 that

H
(
B̃p

)
≤

( H
(
W̃i,p

)
H

(
W̃i,p

)
− |U| + 1

)
= O

(
H

(
W̃i,p

)|U|−1
)
.

Since any d-dimensional polytope B has at most
(H(B)

d

)
vertices [6], we have from (3) that∣∣∣V (

B̃p
)∣∣∣ = O

(
H

(
B̃p

)|U|)
,

which is polynomial in n.
Thus both

∣∣∣V (
B̃p

)∣∣∣ and H
(
B̃p

)
are polynomial in n,

and thus either of the approaches in [7, Sec. 3] or [8] leads
to a polynomial complexity solution. By virtue of (12) we
have therefore constructed a polynomial complexity universal
decoder that has the ME-certificate property: if an integral
solution is found, it is the minimum-entropy solution.

IV. CONCLUSION

In this discussion we have considered low-complexity ap-
proximations to minimum-entropy universal decoding that
have a certificate property. These results rely on exploiting
well-known results from the ‘method of types’ and noting how
this relates to low-complexity polytope projection algorithms.
By using appropriately constructed graphical codes, such as



low-density parity check codes [10], and because of the linear
programming decoder’s strong connection with the min-sum
iterative decoder [12], we conjecture this algorithm will have
good decoding properties for appropriately constructed irreg-
ular codes. Because of the use in the network coding context,
future work should consider successfully implementing this
algorithm on general linear codes, and/or considering ways
to construct randomized distributed network coding strategies
that allow for good decoding with the aforementioned low-
complexity decoder.

REFERENCES

[1] D. Slepian and J. K. Wolf, “Noiseless coding of correlated information
sources,” IEEE Transactions on Information Theory, vol. 19, no. 4, pp.
471–480, 1973.

[2] I. Csiszár, “Linear codes for sources and source networks: Error
exponents, universal coding,” IEEE Transactions on Information Theory,
vol. 28, no. 4, pp. 585–592, 1982.

[3] T. Ho, M. Médard, M. Effros, and R. Koetter, “Network coding for
correlated sources,” in Proceedings of CISS, 2004.

[4] A. Ramamoorthy, K. Jain, P. A. Chou, and M. Effros, “Separating
distributed source coding from network coding,” in 42nd Allerton
Conference on Communication, Control, and Computing, 2004.

[5] R. Horst and H. Tuy, Global Optimization: Deterministic Approaches,
Springer Verlag, Berlin, Germany, third revised and enlarged edition
edition, 1996.

[6] D. Bertsimas and J. N. Tsitsiklis, Introduction to Linear Optimization,
Athena Scientific, Belmont, MA, 1997.

[7] J. Ponce, S. Sullivan, A. Sudsang, J. Boissonnat, and J. Merlet, “On
computing four-finger equilibrium and force-closure grasps of polyhe-
dral objects,” International Journal of Robotics Research, vol. 16, no.
1, pp. 11–35, 1997.

[8] C. N. Jones, E. C. Kerrigan, and J. M. Maciejowski, “Equality set
projection: A new algorithm for the projection of polytopes in halfspace
representation,” Tech. Rep. CUED/F-INFENG/TR.463, Cambridge Uni-
versity Engineering Department, March 2004.

[9] J. Feldman, Decoding Error-Correcting Codes via Linear Programming,
PhD dissertation, Massachusetts Institute of Technology, Department of
Electrical Engineering and Computer Science, September 2003.

[10] G. D. Forney, “Codes on graphs: Normal realizations,” IEEE Transac-
tions on Information Theory, pp. 101–112, 2001.

[11] G. Forney, R. Koetter, J. Kschischang, and A. Reznik, “On the effective
weights of pseudocodewords for codes defined on graphs with cycles,”
Codes, Systems and graphical models, pp. 101–112, 2001.

[12] R. Koetter and P. O. Vontobel, “Graph-covers and iterative decoding of
finite length codes,” Proceedings of Turbo conference, Brest, 2003.

APPENDIX

Proof of Lemma 3.1:
For a check j with syndrome symbol sj we let Tj be the set
of all possible weighted types of local codewords consistent
with check j and syndrome sj . More explicitly, define:

Tj =
{
T = |N(j)|Pu : u ∈ Co

(
Hr

j , s
r
j

)}
.

Our new polytope has three sets of variables:

• For all i ∈ {1, . . . , n}, a ∈ Ur we have indicators Ia
i ∈

[0, 1] that represent whether or not ur
i = a.

• For all T ∈ Tj , we have a variable αj,T ∈ [0, 1]
that represents the contribution of local codewords of
weighted type T .

• For all T ∈ Tj , a ∈ U and i ∈ N(j), we have a variable
zi,j,T,a ∈ [0, αj,T ] that indicates the portion of µ(Ii)
assigned to local codewords of weighted type T .

Using these variables, we have the following constraint set:

∀i ∈ N(j), a, Ia
i =

∑
T∈Tj

zi,j,T,a (13)

∑
T∈Tj

αj,T = 1 (14)

∀a, T ∈ Tj ,
∑

i∈N(j)

zi,j,T,a = T (a)αj,T (15)

∀i ∈ N(j), a, 0 ≤ Ia
i ≤ 1 (16)

∀T ∈ Tj , 0 ≤ αj,T ≤ 1 (17)

∀a, i ∈ N(j), P ∈ Tj , 0 ≤ zi,j,T,a ≤ αj,T (18)

Let W̃r
j (Hr

j , s
r
j) be the set of points (I, α, z) such

that all the above constraints hold. Since there are
|N(j)| |U| variables Ia

i ,
∣∣P|N(j)| (|U|)

∣∣ variables αj,T

and |U| |N(j)| ∣∣P|N(j)| (|U|)
∣∣ variables zi,j,T,a, there

are O
(|N(j)| + ∣∣P|N(j)| (|U|)

∣∣ + |N(j)| ∣∣P|N(j)| (|U|)
∣∣)

variables. Since in general |N(j)| ≤ n, we have
that there O(n|U|) variables. By similar arguments, the
constraints involving zi,j,T,a dominate the characterization of

H
(
W̃r

j (Hr
j , s

r
j)

)
and thus H

(
W̃r

j (Hr
j , s

r
j)

)
= O(n|U|). Let

Q̃r
j(H

r
j , s

r
j) represent the projection of W̃r

j (Hr
j , s

r
j) onto the

I variables, i.e.,

Q̃r
j(H

r
j , s

r
j) = {I : (I, α, z) ∈ W̃r

j (Hr
j , s

r
j)}.

Before proving the equivalence of Q̃r
j(H

r
j , s

r
j) and

B̃r
j (H

r
j , s

r
j), we briefly note that the polytope B̃r

j (H
r
j , s

r
j) can

be expressed as the set of all I such that (I, ω) ∈ Z̃r
j (Hr

j , s
r
j)

for some ω where Z̃r
j (Hr

j , s
r
j) has the following constraints:

∀I ∈ I(Hr
j , s

r
j), 0 ≤ wj,I ≤ 1 (19)∑

I∈I(Hr
j ,sr

j )

wj,I = 1 (20)

∀i ∈ N(j) Ia
i =

∑
I∈I(Hr

j ,sr
j ),

I:µ(I)=a

wj,I. (21)

This follows directly from (11).
We now show that Q̃r

j(H
r
j , s

r
j) = B̃r

j (H
r
j , s

r
j). Suppose I ∈

B̃r
j (H

r
j , s

r
j). Set variables {wj,I}I∈I(Hr

j ,sr
j ) such that (I, w) ∈

Z̃r
j (Hr

j , s
r
j). Set

αj,T =
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T

wj,I (22)

zi,j,T,a =
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T,

µ(I)i=a

wj,I (23)

Note that (16),(17),(18) are satisfied. Constraint (13) is implied
by (21) and (23). Constraint (14) is implied by (20) and (22).



Finally, we have∑
i∈N(j)

zi,j,T,a =
∑

i∈N(j)

∑
I∈I(Hr

j ,sr
j ),

|N(j)|Pµ(I)=T,

µ(I)i=a

wj,I (owing to (23))

=
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T

T (a)wj,I

= T (a)
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T

wj,I

= T (a)αj,T (owing to (22))

which gives constraint (15). It thus follows that B̃r
j (H

r
j , s

r
j) ⊆

Q̃r
j(H

r
j , s

r
j).

The following lemma (provided in [9, pp. 80-81]) will aid
to prove that Q̃r

j(H
r
j , s

r
j) ⊆ B̃r

j (H
r
j , s

r
j):

Lemma 1.1: Let X = {x1, . . . , xn}, xi ≤ M, and
∑

i xi =
kM where k, n,M and all xi are nonnegative integers.
Then X can be expressed as the sum of sets of size k. In
other words, there exists a setting of the variables {wS :
S ⊆ {1, . . . , n}, |S| = k} to non-negative integers such that∑

S wS = M , and for all i ∈ {1, . . . , n}, xi =
∑

S�i wS
Proof: By induction on M , The base case (M = 1) holds

because all xi are either 0 or 1 and thus k of them are equal
to 1. Let S = {i : xi = 1} and set wS = 1.

For the induction step, we will greedily choose S consisting
of the indices of the k largest xi. After increasing wS by 1,
our induction step will be complete.

Assume WLOG that x1 ≥ x2 ≥ . . . ≥ xn. Set X ′ =
(x′

1, . . . , x
′
n) where x′

i = xi − 1 for i ≤ k and x′
i = xi

otherwise. Since
∑

i xi = kM and xi ≤ M , it follow sthat
the largest k values x1, . . . , xk are at least 1. Also, we must
have that xi ≤ M −1 for all i > k. Thus 0 ≤ x′

i ≤ M −1 for
all i. We also have

∑
i x

′
i =

∑
i xi−k = (M−1)k. Therefore,

by induction, X ′ can be expressed as the sum of w′
S where S

has size k. Set w = w′ and increase w{1,...,k} by 1.

Now suppose I ∈ V
(
Q̃r

j(H
r
j , s

r
j)

)
. Set the variables α and

z such that (I, α, z) ∈ W̃r
j (Hr

j , s
r
j). For all T ∈ Tj , consider

the set

X1 =
{
zi,j,T,a

αj,T

}
.

Note that by (18) all members of X1 are between 0 and 1.
Let 1

β be a common divisor of the numbers in X1 so that β
is an integer. Let

X2 =
{
β
zi,j,T,a

αj,T

}
.

The set X2 contains integers between 0 and β. By (15) we
have that the sum of the elements in X2 equals T (a)β. Thus
by Lemma 1.1, the set X2 can be expressed as the sum of sets
of size T (a). Set the variables {wI, I ∈ I, |N(j)|Pµ(I)(a) =
T (a)} according to Lemma 1.1. Now set wj,I = αj,T

β wI, for

all I ∈ I, |N(j)|Pµ(I)(a) = T (a). We immediately satisfy
(19). By Lemma 1.1 we have:

zi,j,T,a =
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T,

µ(I)i=a

wj,I (24)

αj,T =
∑

I∈I(Hr
j ,sr

j ),

|N(j)|Pµ(I)=T

wj,I (25)

By (13) we have

Ia
i =

∑
T∈Tj

zi,j,T,a

=
∑

T∈Tj

∑
I∈I(Hr

j ,sr
j ),

|N(j)|Pµ(I)=T,

µ(I)i=a

wj,I (owing to (24))

=
∑

I∈I(Hr
j ,sr

j ),

µ(I)i=a

wj,I

which gives (21). By (14) we have

1 =
∑

T∈Tj

αj,T =
∑

T∈Tj

∑
I∈I(Hr

j ,sr
j ),

|N(j)|Pµ(I)=T

wj,I (owing to (25))

=
∑
I∈I

wj,I

which gives (20). Thus (I, w) ∈ Z̃r
j (Hr

j , s
r
j) and so I ∈

B̃r
j (H

r
j , s

r
j) . We have shown that all I ∈ V

(
Q̃r

j(H
r
j , s

r
j)

)
are

contained in B̃r
j (H

r
j , s

r
j) and thus Q̃r

j(H
r
j , s

r
j) ⊆ B̃r

j (H
r
j , s

r
j).


