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Abstract— Multiple description coding (MDC) is a powerful
technique for robust real-time communications over packet
switched lossy networks, such as the Internet, peer-to-peer, ad
hoc, wireless, and sensor networks. This paper is concerned
with optimal network flows of MDC packets from multiple
sources to multiple receivers to maximize a weighted sum of
fidelities achieved by all receivers. For general network topology
and general fidelity function this problem is proven to be
Max-SNP-hard, i.e., there is no polynomial-time algorithm to
even approximate the optimal solution. However, the problem
is tractable and algorithms are proposed for some practically
important cases, such as when the MDC has equally important
packets of a fixed size (e.g., Reed-Solomon coded packets), or/and
if the network topology is a tree. A linear integer programming
algorithm for arbitrary network topology is also proposed, which
is quite practical for modestly sized networks although having
exponential worst-case complexity.

I. I NTRODUCTION

Packet switched networks, such as the Internet, peer-to-peer,
ad hoc, and diversity wireless networks, inevitably experience
packet losses and delays in practice. Packet retransmission
is undesirable either due to latency constraints in real-time
applications or due to bandwidth economy or both. In contrast,
transmission policies on a best-effort basis offer simpler, faster,
and less expensive solutions, in which no acknowledge from
the receiver is needed, nor is there guarantee that the data
packets will arrive in order, or at all. This simple send-only
machinery shifts the burden of reliability from the network
protocols toward the communication codes. The need for
more sophisticated codes to compensate for lesser network
provisions has led to a proliferation of research literature on
designing distributed source codes and joint source-channel
codes for packet-switched networks and erasure channels (Ref.
lists of [9] and this paper). Another elegant paradigm arising
to the same challenge is network coding, in which the nodes
of the network can perform coding operations [1], [5].

This paper deals with the rate-distortion optimized inter-
action between networking and coding. We are interested in
how to optimize network flows for distributed source codes
or joint source-channel codes, given the topology and edge
capacities of a network, and under a linearly weighted fidelity
criterion over the entire network. This work is related to
network coding, but its perspective and approach are different
from those of network coding as commonly known in the
recent literature. We respect the physical limitations of the
existing network infrastructure, and assumes that the nodes
of the network can only forward and duplicate data received,
just as the network routers do in reality. But even under this
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constraint, the optimal network flow of data packets in rate-
distortion sense behaves very differently from maximum flow
of commodities in network problems treated in classic oper-
ation research literature. Computationally, our problems are
far more complex because the reconstruction fidelity achieved
by a decoder is not additive of the fidelities offered by the
individual data packets received.

We consider the network flows of general multiple descrip-
tion codes (MDC). MDC is a powerful technique for robust
real-time networked communications, and in particular for
enhanced QoS of networked multimedia streaming, including
all forms of digital media: image [17], [13], video [11],
audio [3], and graphics [2]. Research on MDC started in
late seventies both as an engineering problem [12] and a
theoretical investigation (the problem was first posed at the
1979 IEEE Information Theory Workshop by Wyner). The
existing MDC techniques fall into two categories: distributed
source coding and distributed joint source-channel coding.
Multiple description quantization, in both scalar and vector
variants [6], [8], [14], [18], [19], and correlating transforms
[9] are in the first category. Also, multiresolution (or layered)
source codes can be considered as a special type of MDC, and
they fall into the first category since different layers can be
transmitted via different paths from the source to destination.
Uneven error protected (UEP) packetization of scalable source
code streams by packet erasure codes, an intensively-studied
MDC technique in recent years [4], [7], [13], [16], [17],
belongs to the joint source-channel coding category.

For our general problem of optimizing the network perfor-
mance in delivering MDC-coded contents, we do not distin-
guish between MDCs generated by distributed joint source-
channel coding and by distributed source coding. It suffices
to consider their commonality of coding a signal into a set of
N co-descriptors (side descriptions)X = {x1, x2, · · · , xN}.
However, the reader is reminded of an important difference
between the UEP-based MDC and the distributed source
coding. The former creates co-descriptors of equal importance,
whereas the latter, such as multiple description quantization
and correlating transforms, does not in general. This difference
will affect the definition of objective function in the underlying
optimization problem, although not the problem formulation.

One way of maintaining the quality of service, at times
of network congestions and server breakdowns, is to afford
a client multiple accesses to a given content, by distributing
co-descriptors of an MDC-coded signal to different servers in
the network. In this paper we consider a network of a fixed
topology, modelled by a graphG = 〈V, E〉. The nodes in the
setV correspond to servers, clients, and possibly relays on the
network. The edges in the setE represent direct links between
these nodes. Each edge has a capacity, reflecting the capacity
of the underlying channel. LetXk = {xk,1, xk,2, · · · , xk,nk

} ⊂
X be the subset of MDC co-descriptors at serverk. SubsetsXk

andXj resided at serversk and j are in general not disjoint,
Xk ∩ Xj 6= ∅, for a desired degree of redundancy to guard



against hostile network conditions. Any client in the network
can decode the MDC-coded signal upon receiving a subset
X ⊂ X of co-descriptors with fidelityF (X ). We are interested
in maximizing the reconstruction quality of the signal given
the network graphG = 〈V, E〉 and edge capacities, and given
the subsets of MDC co-descriptors possessed by the servers.
This optimization problem is calledmaximum MDC network
flow. There are two versions of the maximum MDC network
flow problem depending on whether the maximization is with
respect to a single sink or to multiple sinks.

For the popular technique of UEP packetization of scalable
source code stream using RS code, all MDC co-descriptors
(packets) have the same size and same importance. Conse-
quently, the fidelity functionF (X ) only depends on the car-
dinality ofX not the particular composition ofX . Maximizing
reconstruction quality becomes equivalent to maximizing the
number of received distinct packets given the network edge
capacities. In a sister paper [20] we studied this problem,
called it rainbow network flow. We showed that rainbow
network flow problem is NP-hard if the goal is to maximize
the total number of distinct co-descriptors received by multiple
sinks from multiple sources. However, the single-sink version
of the problem can be reduced to one of classic maximum
network flow and hence is polynomially solvable.

In this paper we investigate the general maximum MDC
network flow problem for arbitrary fidelity functionF (X ), in
which F (X ) accounts for not only the correlations between
co-descriptors such as those of multiple description quantizers,
but also the sequential decoding dependency between co-
descriptors such as those in layered multi-resolution source
coding. We will show that such a generalization makes the
problem much harder.

The rest of the paper proceeds as follows. Sec. II formulates
the general MDC network flow problem, followed by the proof
of the hardness of the problem in Sec. III. After showing the
MDC network flow problem to be MAX-SNP-hard, we turn
our attention in Sec. IV to some cases for which a polynomial-
time algorithm exists. The algorithmic study is then extended
to so-called duplicable MDC network flow problem in Sec.
V. Sec. VI offers an integer programming approach to solving
the MDC network flow problem in general setting exactly, and
Sec. VII concludes.

II. PROBLEM FORMULATION

The input of theMaximum MDC Network Flow Problem
include a fixed network topology represented by directed graph
G = 〈V,E〉, in which each edgee ∈ E has a capacity
C(e) ≥ 0; an MDC code consisting of a set ofN co-
descriptorsX = {x1, x2, · · · , xN} of lengths l1, l2, · · · , lN ;
a set of source nodesSn ⊂ V that possess descriptorxn,
1 ≤ n ≤ N ; and a receiver (sink) setT ⊂ V .

An MDC network flow consists ofN sets (some may be
empty) of directed paths,P1, . . . , PN . A path p in a non-
empty Pn, 1 ≤ n ≤ N , carries a distinct descriptorxn from
a source nodes ∈ Sn to a receiver nodet ∈ T . Let Xt =
{xt,1, xt,2, · · · , xt,nt} ⊂ X be the subset of co-descriptors
carried by the MDC network flow to receivert ∈ T , andF (X )
be the reconstruction fidelity achieved by receivingX ⊂ X.
The maximum MDC network flow problem is to

max
P1,...,PN

∑

t∈T

w(t)F (Xt) (1)

subject to
N∑

n=1

∑

ρ∈Pn,e./ρ

ln ≤ C(e), ∀e ∈ E (2)

where e ./ ρ in the summation subscript means that edge
e is on the pathρ, and w(t) is a weighting function to
prioritize different receivers in optimizing MDC network flows
(by user fees, urgency, and etc.) In other words, we want to
maximize the weighted sum of reconstruction fidelities over
all receivers while making all paths collectively satisfy the
capacity constraints.

Following [20], we say that different descriptors have dif-
ferentcolors, and a pathp that carries co-descriptorxn to have
color n.

Also, we define anUndirected MDC Network Flow Problem
the same as MDC Network Flow Problem except that the edges
and paths in the definition are undirected.

III. H ARDNESSRESULTS OFMDC NETWORK FLOW

PROBLEM

In [20], we proved that the rainbow network flow problem,
a special case of the MDC network flow problem when the
reconstruction fidelityF (X ) = |X |, is NP hard. Thus, the
MDC Network Flow problem is also NP-hard.

Moreover, we find that the MDC network flow problem
is even “harder” than the rainbow network flow problem.
Specifically, when there is only one sink node, the latter
problem permits a polynomial-time solution as shown in [20],
whereas the former problem remains NP-hard as we will prove
in the rest of the section. In fact, we will prove a stronger
complexity result that even the single-sink MDC network flow
problem is Max-SNP-hard. Namely, there is a constantε > 0,
such that no polynomial-time algorithm can approximate MDC
network flow problem with ratio better than1 + ε.

Our proof is based on the fact that the Max-2-SAT problem
is Max-SNP-hard [15]. The definition of the Max-2-SAT
problem is the following.

Max-2-SAT Let x1, x2, . . . , xn be n boolean variables.
Let yi be 2-CNF (conjunctive normal form) of the boolean
variables. Find a truth assignment of the variables that satisfies
the maximum possible number of the clauses.

Theorem 1:MDC network flow problem is Max-SNP-hard
even if there is only one sink node, all the lengths of
descriptions are equal to one, and the network topology is
a tree.

Proof: We construct an L-reduction [15] from Max-2-
SAT to MDC network flow problem. LetI be an instance of
the Max-2-SAT problem withn variables,x1, x2, . . . , xn and
m clausesyi, i = 1, 2, . . . , m.

Our constructed instance of MDC network flow problem
has 2n descriptors, each corresponds to eitherxi or x̄i. It
also has2n source nodes. The source nodes are grouped
into m pairs, si and ti, i = 1, 2, . . . , n. Each si has the
descriptor corresponding toxi, and eachti has the descriptor
corresponding tōxi.

Then all the nodes are connected as in Figure 1. There is
only one sink nodet. Each descriptor has length one. And the
capacity of each edge is also one. This graph ensures that only
one of the two descriptorsxi and x̄i can reach the sinkt.

Therefore, if there are exactlyn descriptors arrivingt, we
can accordingly get an assignment to the variablesxi (i =
1, 2, . . . , m) as follows

xi = true ⇔ descriptor xi arrives t.
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Fig. 1. The topology of the constructed MDC network flow in the proof of
Theorem 1.

The reconstruction fidelity achieved by then descriptors
is then defined by the number of clauses satisfied by this
assignment.

If there are less thann descriptors arrivingt, we define the
reconstruction fidelity to be 0.

Thus, we constructed an instance,J , of MDC network flow
problem. As discussed above, a solution of the constructed
J with reconstruction fidelityM can be used to construct
a solution of I with M satisfied clauses; and vice versa.
Therefore, the reduction we have shown is an L-reduction.

Because Max-2-SAT is Max-SNP-hard, MDC network flow
problem is also Max-SNP-hard.

It is easy to see that the reduction used in the proof
of Theorem 1 also works when the graph is undirected.
Therefore, we have

Theorem 2:Undirected MDC network flow problem is
Max-SNP-hard even if there is only one sink node, all the
lengths of descriptions are equal to one, and the network
topology is a tree.

IV. POLYNOMIAL -TIME ALGORITHM FOR MDC NETWORK

FLOW ON TREE TOPOLOGY

Although MDC network flow problem is NP-hard in gen-
eral, there are cases when polynomial time algorithms exist. If
the network topology is a tree and there is a constant number
of MDC co-descriptors that is independent of the network size
(typically true in the practice of MDC coding), then the RNF
problem can be solved in polynomial time. The tree topology is
common in local area networks (LAN) and in sensor networks
[10].

We develop an MDC network flow algorithm first for binary
trees, and then extend it to arbitrary trees.

First clarify what we mean by a tree topology when the
graph is directed. LetG = 〈V,E〉 be a directed graph. We
can construct an undirected graphG′ = 〈V, E′〉 as follows:
(u, v) ∈ E′ if and only if (u, v) ∈ E or (v, u) ∈ E.
If G′ is a tree, we say thatG has a tree topology. Note
that our definition of tree topology is undirectional, allowing
two-way communications on any network edge. This expands
the applicability of our network model. Fig. 2(a) shows an
example of a directed graph of a tree topology.

Arbitrarily select a leafv from G′. Add a dummy vertex
v∗ and a dummy edge(v, v∗) into G. Then G becomes a
rooted binary tree withv being the root. Fig. 2 illustrates the
corresponding effects on the directed graphG. Consequently,
each vertexu ∈ V is either an internal node having two child
nodes, or a leaf of no descendants. The subtree rooted at a
nodeu ∈ V can also be naturally defined.
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Fig. 2. (a) An example of a flow network that has a tree topology. (b) By
adding a dummy vertex and a dummy edge, the tree topology can be regarded
as rooted.

For each internal nodeu, let u′ be the parent node ofu.
Suppose there arexj paths of colorj that pass bothu andu′
in the optimal flow. Obviously, it is useless to have paths of the
same color to pass bothu andu′ from different directions. In
that case, we can easily modify the optimal solution so that all
the paths that pass bothu andu′ will have the same direction
betweenu and u′. Therefore, without loss of generality, we
assume that all thexj paths pass bothu and u′ in the same
direction. If they go fromu′ to u, we let fj = xj ≥ 0;
Otherwise, we letfj = −xj ≤ 0. Then we can unambiguously
say that there arefj paths flowing intou from its parent.

Our algorithm uses the Dynamic Programming technique.
Let DP (u, f1, f2, . . . , fk) be the maximum total fidelity of the
sinks in the subtree rooted atu, with the condition that there
arefj color-j paths flowing intou from the parent. Letv, w
be the two children ofu. Dynamic Programming relies on a
recurrence relation to computeDP (u, f1, f2, . . . , fk). This is
accomplished by considering the following four different cases
of u. Let u′ be the parent ofu.

Case 1. u is a leaf node but not a sink.
In this case, we ban any co-descriptor to flow intou. That

is, fi ≤ 0. For every co-descriptorxi for which u is a source,
we allow fi < 0; otherwise,fi must be 0. At the same time,
fi < 0 must satisfy the capacity constraint at the directed
edge (u, u′). To summarize,f1, f2, . . . , fk must satisfy the
following conditions



1) fi ≤ 0 for u ∈ Si,
2) fi = 0 for u /∈ Si,
3)

∑
j:fj<0−fj lj ≤ C(u, u′),

Let F1 be the set of vectors(f1, f2, . . . , fk) that satisfy
the above mentioned conditions. Any feasible(f1, f2, . . . , fk)
must be inF1. Becauseu is not a sink, the contribution ofu
to the total fidelity is 0. Therefore,

DP (u, f1, f2, . . . , fk) =
{

0, if (f1, f2, . . . , fk) ∈ F1

−∞, if (f1, f2, . . . , fk) /∈ F1

(3)
Case 2. u is both a leaf node and a sink.
In this case, the valuesf1, . . . fk in a feasible solution must

satisfy the constraints as follows:
1) fi ≤ 0, if u ∈ Si,
2) 0 ≤ fi ≤ 1, if u /∈ Si,
3)

∑
j:fj<0−fj lj ≤ C(u, u′), and

4)
∑

j:fj>0 fj lj ≤ C(u′, u),
where the first constraint is becauseu ∈ Si does not need
to receive theith co-descriptor from its parent; the second
constraint is to preventu from receiving multiple copies of the
same co-descriptor, which simply wastes bandwidth without
any coding gain; and the third and fourth conditions are due
to the edge capacity.

Let F2 be the set of vectors(f1, f2, . . . , fk) that satisfy the
above mentioned conditions. For eachfi > 0, u receives an
i-colored co-descriptor. Therefore,

DP (u, f1, f2, . . . , fk)

=
{

F ({i | fi > 0 or u ∈ Si}), if (f1, f2, . . . , fk) ∈ F2

−∞, if (f1, f2, . . . , fk) /∈ F2
(4)

Case 3. u is an internal node and not a sink.
Because of the capacity of the edges(u′, u) and (u, u′),

the valuesf1, . . . fk in a feasible solution must satisfy the
following constraints:

1) fi ≤ 0 for u ∈ Si,
2)

∑
j:fj<0−fj lj ≤ C(u, u′), and

3)
∑

j:fj>0 fj lj ≤ C(u′, u).
Let F3 be the set of vectors(f1, f2, . . . , fk) that satisfy the
above mentioned conditions.

Let v and w be the two child nodes ofu. Let f ′i and f ′′i
be the number ofi-colored co-descriptors flowing fromu to
v andw, respectively. Ifu is not a source of colori, then the
fi paths of colori flowing into u will be splitted intov and
w. That is,fi = f ′i + f ′′i . However, ifu is a source of color
i, thenf ′i andf ′′i can be flexiable.

Therefore, for any(f1, . . . , fk) /∈ F3, DP (u, f1, . . . , fk) =
−∞. And for any (f1, . . . , fk) ∈ F3, DP (u, f1, . . . , fk) can
be computed by

DP (u, f1, . . . , fk)
= max(DP (v, f ′1, f

′
2, . . . , f

′
k) + DP (w, f ′′1 , f ′′2 , . . . , f ′′k ))(5)

for all f ′1, f
′
2, . . . , f

′
k andf ′′1 , f ′′2 , . . . , f ′′k satisfying that

f ′i + f ′′i = fi or u ∈ Si (6)

Case 4. u is an internal node and sink.
First of all, (f1, . . . , fk) still need to satisfy the edge

capacity constraint on(u′, u) and (u, u′). Therefore, for a
feasible solution,(f1, . . . , fk) ∈ F3.

The difference between Case 4 and Case 3 is thatu can
now consume some of the co-descriptors and contribute to the

total fidelity. If u consumes onei-colored co-descriptor and
u /∈ Si, thenfi = f ′i + f ′′i + 1. Therefore, (5) is changed to
the following formula in Case 4:

DP (u, f1, . . . , fk)
= max(DP (v, f ′1, f

′
2, . . . , f

′
k) + DP (w, f ′′1 , f ′′2 , . . . , f ′′k )

+F ({i | fi = f ′i + f ′′i + 1 or u ∈ Si})) (7)

for all f ′1, f
′
2, . . . , f

′
k andf ′′1 , f ′′2 , . . . , f ′′k satisfying that

fi − 1 ≤ f ′i + f ′′i ≤ fi or u ∈ Si (8)

Finally, we can outputDP (root, 0, . . . , 0) as the optimal
total fidelity.

Note that each sink requires at most one copy of thei-th
co-descriptor,|fi| < |T |. Therefore, the following algorithm
can be used to compute the optimal flow.

Algorithm MDC-Tree
1. Traverse the tree using post-order, for each encoun-

tered nodeu
2. for all f1, . . . , fk s.t.−|T | ≤ fi ≤ |T |
3. if u is a leaf but not a sink
4. use (3) to computeDP (u, f1, . . . , fk).
5. else ifu is a leaf and a sink
6. use (4) to computeDP (u, f1, . . . , fk).
7. else ifu is an internal node but not a sink
8. if (f1, . . . , fk) /∈ F3

9. DP (u, f1, . . . , fk) = −∞
10. else use Eq-(5) to computeDP (u, f1, . . . , fk).
11. else ifu is an internal node and a sink
12. if (f1, . . . , fk) /∈ F3

13. DP (u, f1, . . . , fk) = −∞
14. else use Eq-(7) to computeDP (u, f1, . . . , fk).
15. OutputDP (root, 0, . . . , 0) as maximum total fidelity.
16. Use backtracking to compute the optimal flow.

Theorem 3:MDC Network Flow has a polynomial time
algorithm when the network has a tree topology. The time
complexity of Algorithm MDC-Tree isO(|V | × 2k × |T |2k),
whereT is the set of sink nodes in the flow.

Proof: The correctness of the algorithm comes from the
discussion of the four cases. We only need to analyze the time
complexity. The for loop at line 2 is repeated|T |k times. Inside
the for loop, the most time consuming step is line 14.

In Eq-(7), if u ∈ Si, then there is no constraint onf ′i and
f ′′i . Therefore, the maximization overf ′i andf ′′i can be done
separately. By computingmaxf ′i DP (v, f ′1, f

′
2, . . . , f

′
k) and

maxf ′′i DP (v, f ′′1 , f ′′2 , . . . , f ′′k ) independently, we can avoid
considering the combinations off ′i andf ′′i , reducing the time
complexity. As a result, the most difficult case is thatu is not
a source node of any co-descriptor. Then there are at most
|T |k choices off ′1, . . . , f

′
k. Once f1, . . . , fk and f ′1, . . . , f

′
k

are fixed, there are at most2k choices off ′′1 , . . . , f ′′k by the
condition of (8). So the complexity to compute (7) is|T |k×2k.

For steps 2 through 14, the total complexity is|T |k×|T |k×
2k. Because each of these steps is carried out for every tree
node, the total complexity isO(|V | × 2k × |T |2k).

It is easy to see that whenk, the number of different
co-descriptors, is a constant, the time complexity of Algo-
rithm MDC-Tree is polynomial.

Clearly, the same algorithm can also solve the multiple-
sink rainbow network flow problem for tree network topology
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Fig. 3. A general tree can be reduced to a binary tree.

by letting F (X ) = |X |. However, on a second reflection, a
more efficient variant of the algorithm can be made possible
by exploiting the property of the cost function for rainbow
network flow.

Theorem 4:If F (X ) = |X |, then the time complexity of
Algorithm MDC-Tree can be reduced toO(|V | × |T |2k).

Proof: We only need to change the procedure at step 14.
Because our goal is to maximize the total number of distinct
co-descriptors, it is of no benefit to let a path of colori passing
through u but no path of colori ending atu. So, for the
computation of (7), we can change (8) to the following:

fi − 1 = f ′i + f ′′i for u /∈ Si.

It is easy to verify that this reduces the time complexity by a
factor of 2k.

For trees with degree greater than 3, we can convert it to
a binary tree. Each degreek node is split intok − 2 nodes,
the edges connecting these nodes have unlimited capacity. An
example is given in Fig. 3. A solution on the new binary tree
can be converted to a solution on the original tree easily.

The above algorithms can be easily modified to work for
undirected graphs as well.

V. DUPLICABLE MDC NETWORK FLOW

In practice, each color represents an MDC packet. For
network efficiency, it is not necessary to transmit two copies
of the same co-descriptor through the same edge. When a
packet passing a node, the node can “duplicate” the packet
and broadcast through different edges directed out of the
node. Under this model, the MDC network flow problem
changes slightly. The only difference is in that the capacity
constraint (2) is changed to

k∑

j=1

δ(e, j)lj ≤ C(e),

whereδ(e, j) = 1 if e belongs to at least one path that carries
xj , and δ(e, j) = 0 if not. We call the new problem the
duplicable MDC network flowproblem.

In this section we show that when the graph has a tree
topology, Algorithm MDC-Tree can be modified to optimally
solve the duplicable MDC network flow problem.

The first modification is that all thefi, f ′i and f ′′i are
restricted to be−1, 0, or 1. This is because optimal flow has
only one copy of the same co-descriptor to pass through an
edge.

The second modification is in case 3. Ifu /∈ Si, then two
things are possible: (a) colori does not reachu. Thenfi =
f ′i = f ′′i = 0; (b) color i reachesu. Thenfi = 1 or f ′i = −1
or f ′′i = −1. Therefore, Eq-(6) is modified to

fi = f ′i = f ′′i = 0 or fi = 1 or f ′i = −1or f ′′i = −1 or u ∈ Si.
(9)

Similarly, the third modification is made to Case 4. Ifu
receives co-descriptori, then one offi = 1 or f ′i = −1 or
f ′′i = −1 should be true. Therefore, the computation in (7) is
changed to

DP (u, f1, . . . , fk)
= max(DP (v, f ′1, f

′
2, . . . , f

′
k) + DP (w, f ′′1 , f ′′2 , . . . , f ′′k )

+F ({i | fi = 1 or f ′i = −1 or f ′′i = −1 or u ∈ Si})(10)

for all f ′1, f
′
2, . . . , f

′
k andf ′′1 , f ′′2 , . . . , f ′′k satisfying that

fi = f ′i = f ′′i = 0 or fi = 1 or f ′i = −1 or f ′′i = −1 or u ∈ Si.
(11)

It is easy to verify that the same algorithm Algorithm MDC-
Tree works for Duplicable MDC Network Flow after these
three modifications. The time complexity is mostly determined
by the computation in Eq-(10). Because of the duplicability,
it does not pay to have more than one offi = 1, f ′i = −1,
f ′′i = −1 to be true. Therefore, for eachu /∈ Si, it is easy to
count that the feasible choices of(fi, f

′
i , f

′′
i ) defined by Eq-

(11) is 13. As a result, a careful implementation of Algorithm
MDC-Tree runs inO(|V |× 13k) time, wherek is the number
of different MDC co-descriptors.

VI. EXACT ALGORITHM FOR RAINBOW NETWORK FLOW

Because the rainbow network problem is NP-hard for
general network topology, most likely no polynomial time
algorithm exists to solve it. In order to get the optimal solution,
the best one can do is to design an exponential time algorithm.
Considering that there are software packages for solving linear
integer programming problem of reasonable size, we formulate
the problem as a 0-1 linear integer programming problem.
By the following algorithm development one can solve the
rainbow network flow problem exactly for a general network
of modest size. Despite its high computational cost, an exact
solution of the duplicable rainbow network flow problem is
still valuable since it can serve as a benchmark to evaluate
other heuristic but more practical algorithms.

Let G = 〈V,E〉 be the network. For each edgee =
(vi, vj) ∈ E, let xk

i,j be the number ofk-colored packages
that pass fromvi to vj . For rainbow network flowxk

i,j is either
0 or 1. In an optimal solution, one ofxk

i,j and xk
j,i must be

zero for passing a packet back and forth between two nodes
wastes the edge capacity without any coding gain. This yields
the following constraint:

xk
i,j + xk

j,i ≤ 1

In a special case we letxk
i,i = 0 as convention.

For each nodevj , we use a binary variableyk
j to indicate

whethervj gets a copy ofk-colored packet in the flow. For
vj that is a source of the colork, yk

j = 1 automatically. For
vj that is not a source of the colork, obviously

yk
j ≤

n∑

i=1

xk
i,j .



Now consider the situation whenxk
i,j = 1. We assume

that any network node can duplicate and forward a packet.
In this casevi has to first possess a copy ofk-colored packet
before transmitting duplicated copies to different destinations,
if required. The capability of duplicating a packet by a network
node leads to the constraint:

∀j xk
i,j ≤ yk

i . (12)

The edge capacity constraint is converted to one of the
following two formulae, depending on whether the network
graph is directed or not. For directed graph, letci,j be the
capacity fromvi to vj , and hereci,j may not equal tocj,i.
The edge capacity constraint is:

∑

k

xk
i,j ≤ ci,j (13)

For undirected graph, letci,j be the capacity of edge
(vi, vj), and we haveci,j = cj,i. The edge capacity constraint
becomes: ∑

k

(xk
i,j + xk

j,i) ≤ ci,j (14)

For each sinkvj ∈ T , the fidelity function is
∑

k yk
j .

Therefore, the total fidelity is
∑

vj∈T

∑

k

yk
j

Then the duplicable rainbow network flow problem can be
cast into the following linear integer programming problem:

max
∑

vj∈T

∑

k

yk
j (15)

subject to xk
i,j + xk

j,i ≤ 1

yk
j ≤

∑

i

xk
i,j if vj 6∈ Sk

yk
j = 1 if vj ∈ Sk

xk
i,j ≤ yk

i∑

k

(xk
i,j + xk

j,i) ≤ ci,j (16)

yk
j = 0 or 1, xk

i,j = 0 or 1 (17)

The constraint Eq-(16) shall be replaced by Eq-(13) if the
network graph is directed.

For non-duplicable version of the rainbow network flow
problem the above development is still valid, if one changes
the constraint Eq-(12) to

∑

j

xk
i,j ≤ yk

i . (18)

We applied a commercial integer programming solver Cplex
to the proposed integer programming problem of rainbow net-
work flow. The solutions found by Cplex were on average15%
better than a greedy broadcast algorithm. Our experiments
were conducted on simulated networks of 120 nodes, for four
colors, maximum edge capacity of 3, and an average node
degree of three. Solving a problem instance of this size took
only few minutes.

By modifying Eq-(15) to the total fidelity function of Eq-
(1), the same formulation can be used to solve the general
MDC network flow problem. However, the underlying integer

programming problem is not linear anymore, and the solution
becomes much harder.

Similarly, the duplicable MDC network flow problem can
be converted into one of integer programming.

VII. C ONCLUSION

We introduced the MDC network flow problem of op-
timizing the flows of MDC packets for maximum overall
reconstruction quality of all receivers. We proved that MDC
network flow problem is Max-SNP hard. As a result, the
problem is unlikely to have a polynomial time approximation
scheme that approximates the optimal solution arbitrarily well.
We then proposed polynomial time algorithm for a practical
case of the MDC network flow problem, where the network
topology is a tree and the number of descriptors is limited. The
Duplicable MDC network flow problem is also studied. At last,
a practical algorithm, which runs potentially in exponential
time, is given to find the optimal solution of the rainbow
network flow problem.
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