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I. INTRODUCTION of edges incoming into node is T';,,(e) andm(e;, e) is the

Most data networks contain cycles, but so far most attenti§Rding coefficient of edger;, ¢). Denote byF'[D] the field of
in the literature of network coding has been addressed f@fional functions over the binary field with variabie. The
multicast in acyclic networks. The original paper on networkode can be used for multicasting fronto T' = {ty, - --, ta}
coding [1] did consider cyclic networks but there it wadf @nd only if for all ¢ € 7', the global coding vectors at the
suggested to transform the cyclic network into an acyclf@de_s Incoming Inta@ span the spac&'D]". _
network using the idea of unrolling the network into a layered !t is assumed that prior to the code construction, all the
network. This approach has many drawbacks: it achievedding coefficients in the network are set to zero. We have
the optimal rate only asymptotically, it leads to time-variarff choose a set of edgdsy, in G, ?UCh that “f we eliminate
schemes, it has high encoding and decoding complexities dA8M from the networlG there will be no directed cycles.
it induces large delay. In [2] it was shown that if each edge ifh® nodes corresponding ®©p in L(V, &) are denoted by
the network has delay, then there exists a time-invariant linéap- FOr €dges outgoing from nodes notd we draw the
network code that achieves the optimal rate. This approagfding coefficients among polynomials with degree at most
may, again, introduce large delay since each edge has deldy for someM we will later determine. For edges outgoing
and an efficient construction algorithm is not given. In [3] £0m nodes infp we draw the coding coefficients among
heuristic code construction is given for a linear time-invariafolynomials with degree at most/, and multiply the result
code, but the construction is not given explicitly and it is ndty D- Therefore the set of polynomials we can draw from has
necessarily efficient. the same size for edges outgoing from either nodeSgror

In this work we give an explicit polynomial time codenodes notirfp, but edges outgoing from nodesdp always
construction of an optimal multicast linear network code fdptroduce at least a single delay. Thus we are guaranteed that
cyclic networks. As it turns out, it is not necessary for ever§ach cycle contains at least a single delay.
edge in the network to have delay, as long as we ensure tha? order to minimize the delay, it is desired to mini-
in each cycle in the network at least one edge has del#jize [€pl, or equivalently|Ep| in the original networkG.
Since delay elements are anyway inserted into the networkifiding the minimal sett, is essentially the known, long
seems more natural to focus on convolutional codes for cycgtanding problem of finding the minimal arc feedback set.
networks. Nevertheless, our results in this paper are direclipis problem is NP-hard [4]. The best known approximation

applicable for block codes. algorithm with polynomial complexity achieves performance
ratio O(log |V'|loglog|V]) [5]. For our purposes, we can use
Il. NOTATIONS AND PRECODING approximate solutions and insert enough delays in the cycles,

Consider a cyclic, unit capacity netwofk = (V, E') where before we begin our design algorithm.
parallel edges are allowed. There is a single source Bode 1. CODE CONSTRUCTION
and a set ofl sinksT = {ty,---,tq}. Denote byh the size )
of the minimal individual min-cut between and any of the ~ The code construction algorithm goes in steps over the
sinks. LetF'(D) denote the ring of polynomials over the binargerminals. In thei-th step of the algorithm we consider a
field with variableD. The variableD is a unit time shift. For subgraphL; of L that consists only of the nodes and edges
convenience, as in [6]1 we add a dummy sousceonnected that participate in the flow from to the sink¢;. Without loss
to sources with h edges{e!, ..., e} }. of generality, we assume théatis given by:

Similarly to [2], we define the directed line graph of

G = (V,E) as L(V,&) with vertex setY = E U s U L=bim,..aki @)
sUTU{el,...,el} and edge se€ = {(e,e’) € E? : We can make this assumption, because if there were in the
heade) = tail(e’)} U {(s,e) : e outgoing froms} U {(e,¢;) : original line graphL nodes that do not participate in any of the

e incoming tot;,1 < i < d} U {(¢,€}),...,(s",e))} U flows, we can remove them from the network, and still achieve
{(e9,5),..., (e, s)}. We consider in the rest of the paper théhe same optimal rate. For each nede L, the algorithm will

line graphL(V, £). We denote nodes af ase € V, and the eventually define a coding coefficient(e, ¢’) € F(D) for the

edges ase, ¢’) € £. If there areh edge-disjoint paths betweenedge(e, ¢’) that connects this node to the nodehat follows

s andt in G, there are correspondirignode-disjoint paths in it in the flow. At the beginning of thé-step some of the edges

L. may already have coding coefficients assigned at the previous
Node e € L is associated with am-dimensional vector steps. These coefficients are updated duringl/tbgep, in a

global coding vectow (e), with elements from¥ (D). The set manner given in the following.



The algorithm goes over the nodes€ L; in a topo- for any value ofm(e1 ey ;), we havev(ey;) = v(e3,;) and
logical order. This is possible sinck; is acyclic as it can the new set of vectors cannot be a basis!
be decomposed intéd paths and cycles can be eliminated
from each path. The algorithm maintains a list /ofnodes S
C;, each belongs to a different path and this list includes 1
the current node. InitiallyC, = {e9,...,e%}. Suppose the V(e_l(_)):{oj
algorithm reaches a nodsg ; (the subscript; indicates that
the node belongs to théth path in the flow). Denote by
P;;,j=1,...,hthejth path of the flow froms to ¢;. Denote
by p;; the subset of patl; ; consisting of all nodes following
the nodee;; € C; in P;; (not includinge; ;). We definec;; v(eu):{l]
as the set of coding coefficients of edges with taipin and
head inL \ p,;. We definer, as the union of these sets of V(Q)ZF}
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In Figure 1 a schematic illustration 6f is given, in which the
coefficients inr; are specified and set to zero. Observe that
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9 ! On the other hand, a sufficient condition to ensure that the

network code is decodable at the sink is to require that the
setU; will span F[D]*. This is why we defined/;. As will
be seen below, the algorithm can progress and maitbfaans
Fig. 1. A schematic illustration of; = {ey s, --,en,} andp;.; a basis up to the end of stépwhen(C; becomes the set of
nodes incoming inta;. In this event the setg;;,1 < j < h
are empty and accordingly is empty, and sd; = U;. Thus
Mhe condition onl; is equivalent to the condition in [7] for
acyclic networks and the original input can be reconstructed
from the information carried by the edges incoming ifto
Continuing with the algorithm, it reaches the nodg,
maintaining the listC; where the setl; = {u(e) : e € C;} is
a basis. At this stage it replaces; with a new node:}’; that
follows it in P; ;, and generates a new liSf = C;Uel,; \ e, ;.

all the coefficients inr; correspond to edges outgoing fro
nodes that follow the nodes iy in the topological order.
We define for each node € C; a “partial” coding vector
u(e) in the same manner as the global coding vest@r) is
defined for that node, but with all the coefficientsrinset to
zero. LetV; = {v(e) : e € C;} and U; = {u(e) : e € C;}.
Initially, the vectors inU; are the columns of thé x A unit
mz\ilvtrtlax.recall that the algorithm of [6] ensured that the Bet T:\e. subset‘ 9f path con.sisting of all nodes following nodes
will span F[D]" throughout its stages. Unfortunately, in oufit M pathi is updated:
case of cyclic network this is not sufficient to ensure that the P =Dpid \ el ©))
network code is decodable at the sink. The reason is that there . . o .
are coefficients that affect elements f whose value may Accordingly,c;’; is the set of coding coefficients of edges with
change later in the algorithm. To see this, consider the exampi in p;; and head inl \ p; andr}" is also changed to:
illustrated in Figure 2. The dashed edges ard.infor some
k < I, but notinL;. The other edges are ;. In this example
h = 2. The coefficientsn(-,-) were determined in previousWe have a new set of partial coding vectot§® =
steps, for other sinks. The current nodegjraree; ; andes ;.  {u™(e1,),---,u"(el;),---,u™(en,)}, defined when the coef-
Suppose we have reachefl, in the topological order and we ficients inr;* are set to zero. The algorithm has to determine
examine now whether to change the Valuem(62717657l). the coding coefficient betweer); and the new node?; so
Since v(ey,;) and v(ei;) are already a basis, the previoushat U is a basis. Letn'(e;, e;) be the coding coefficient
value m(eil,egl) = 0 remains. Next we reachy, in the between these nodes before this stage of the algorithm, and
topological order and we need to determinge; ;,e?';). But let m(ei,,e;;) be the coefficient determined at the end of

T = Ui<j<h,j£iCj0 U ¢y (4)



the stage. IfU]* is not a basis, we have to change the olth Section Il. The resulting vector when(e;,e),Ve € L\ e;
coefficientm/(e; ;, el;,) into another coeﬁicienm(ei717ezl). are set to their true values is:

Consider the following theorem we prove in Section IV: - _ 5 - 1
Theorem 1:Suppose that with the coefficient’(e; , e}',) w(ei) = wiei) + GeeW(e;) + Go W(e) - = -G w(e;)

the setU}* is not a basis. Then by changing it to any other “ (5

valuem(e; ;, e;fl) the setU;” will be a basis. The factorl — G, never vanishes sind&,. includes the factor

Unfortunately, changingn’(e; ;,el;) to an arbitrary value D. The other vectors are given by:
may affect the sinks treated in the previous steps of the 1
algorithm. Thus, if the coding coefficient has to be replaced w(ej) = W(ej) + Fij ﬁﬁv(ei),j #1i (6)
(i.e., whenU;" is not a basis) before replacing it to a new value e

we need to analyze its effect on the other sinks. Specificalyh€reF; is the transfer function from; to ¢;. The vectors in
let C;, be the set of nodes incoming into the sink k < 1. can represent rows of some matrix Likewise, the vectors

We have the following theorem: in W _can represent rows of some matuix The matricesA
Theorem 2:Denote by V; = {v/(e1x), -, V' (ens)} and A have the same rank, sincé can be reached from
e;r € Cr, the set of global coding vectors of the nodelY multiplication of a row by a non-zero factor and adding a
in&:oming intot), before changingn’ (e,.;, e%,) t0 m(e;., 7). multiplication of this row to the other rows. ThereforeAfis
If V/ is a basis, then after the replacement at most a sindtdl rank, as implied by the conditions of the lemma, sodis
value ofm(e;, er,) will cause the new set of global coding FOr the opposite direction, the relation betwei(e;) and
vectorsVy, = {v(e1 1), -, v(enr)} not to be a basis. w(ei) is _
Based on these theorems, the procedure for replacing w(e) = (1= Gee)w(es) ()
m’(gm, i) is as follows_. Ifm/(e; 1, €}';) must be replaced_i.e., The other vectors are given by:
UJ" is not a basis, we pick a new value(e; ;, e;;) according )
to some enumeration. We then check, _using_the procedge ;) = w(e;)—Fi w(e;) = W(ej)_Fijl o Wies),j #i
given in the proof of Theorem 2 below, if the independence — Uee ®)

condition is satisfied for all sinks. If the condition is notSimilarly to the above. the matrice$ and A have the same
safisfied for all sinks, we pick the next coefficiente; 1, ¢f;)  rank “sinced can be reached from by multiplication of a
in the enumeration. Since for each sink only a single choi W by a non-zero factor and subtracting a multiplication of

of m(ei*l’ezl) is bad, if we have more tha coefficignts to this row from the other rows. Therefore #£ is a basis so is
choose from, we are guaranteed to have at least a single Ch(t’l‘]%esebi

which is good for all previous sinks.
The [-step of the algorithm continues until it reaches thB. Proof of Theorem 1

s?nk t;, and the algorithm terminates when it goes overdall | ot U’ln = {@"(e1,), -, @"(e")), -, @"(en,)} denote the
sinks. S coding vectors o’ when all the coefficients in; are set
A flow chart of the algorithm is given in Figure 3. to zero. That is, unlike iU/, in the definition of U the
IV. PROOES OFTHEOREMS ANDLEMMAS coefficients of the edges outgoing froet, are set to zero,

as well as the coefficients in?. In the definition of U* ,

A. Lemma 1 o . .
it is assumed that the new value(eiyl,egfl) is used, while

Lemma 1:Let {e;,---,en} be a set of nodes and let ~n ~n ~n, ~n
W = {w(e1), -, w(e), -, w(en)}, be their coding vec- v;/]e denote de'z = {u (6;{11/)(7"'711’)(61&1)7"'711;] (g,l)}
: o A - ! the corresponding set with/(e; ;,e?,). Assume thatl; =
hich I lobal . UL .
tors, which may be partial or global coding vectors. Pieind {ulery), -, u(eis), - ulens)} is & basis, and recall that

consider the coding vectors of the same set of nddes= ) \ - )
9 U; is also defined when all the coefficients ip are zero.

{w(e1), -, w(ei), -, W(en)}, where we setn(e;,e) = 0 o i
for Ve € L. The setlV is a basis if and only if the sél/ is From these definitions we have:
a basis. A" (e) = u'" (ef))+(mleig, ef) —m/ (erg, €f))ules) (9)

We start with the "if” direction. We find the relation between o
W andW. The only difference is that in the definition & The vectoru’ (e}';) is the coding vector ok}, when the
m(e;, e) = 0 for Ve € L\ e;. Suppose that(e;, e), Ve € L\e; Coefficients inr, are set to zero, before the replacement of
are now set to their true values. Since the code is linear, thé(ei,i, e}’;). The vectoru’ (ef';) may include contributions
effect of the network on the coding vector ef is a linear from all edges incoming inte?’,;. In (9) the vectoru(e; ;) is
system. We split node; into 3 nodese;,i, €mia andepeqaq, INdependent ofn’(e; i, efl;) or m(e;y,e};) since there is no
which are connected by edgéS.i;, emia) and (emid, €head)- feedback fromegfl to e;; when the coefficientsn(e;jl, e) are
We can find a rational functioti,, with a variableD which ~set to zerdve € L\ ef',.
represents the transfer function of the linear system from nodé/Ve assumed that the previous set of partial coding vectors
€heaq 10 NOdE €405 in the networkL \ e,;q. The rational Up = {u(ei), -, uleir), -, ulen)} is a basis. We want to
function G.. contains the factorD since each cycle mustshow that the sel* = {G"(e1,), -, 0" (ef,;), -, 0" (en)}
contain the factoD in at least one of its edges, as explaineid also a basis. We have the relatiGp\ u(e; ;) = Ul"\ﬁ”(e;fl)



since both sets are defined with the coefficients;irset to asv(e; ;). Whenm/(e; 1, el’,) is replaced bym(e;, ”) the
zero. It follows that the vectors in the s&f" \ @"(e] 7)) = new vectoro(e?;) is reIated to the old vecto?’'(e};) as:
{a"(e1), -+, 0"(ei=1,1),0"(€it1.1), -, 0"(ep, )} are inde-  _ -

pendent. It remains to show that'(e ;’J) is independent of V(¢in) = V(el) + (mleis, i) —m'(ei, ef))V(eir) (12)
Up\ a(e 7). The vectoru’ (e?l) in (9) is dependent on or equivalently,

Up \ @™ (e,) because otherwise according to Lemma 1 the., \ _ -, n

setUl with m (ei,,€l,) would be a basis and we would not (i) = V(i) +(mleny, ei) =m'(ei, i)V (eir) (13)

have to changen’ (ez,l, zJ) to anotherm(e; , e 171) Trivially, We know that before changing’(e; , eu) to m(e;, e;fl)
it follows that the vecton’"” (e7,) is dependent o; \u(e;;). the set of vectorsVy: = {v/(e1),---,v'(ens)} was a
If the new " (e”,) depends Orﬁln \ (e, = Up \ u(e;y) basi_s. Therefore accor(jing to Lem~ma 1 (the ionly if” di-
then: ' ’ rection), the setV) = {¥'(e1 ), --,V'(€ir), -,V (enk)}

is also a basis. It follows trivially that the set of vectors
W'(ey) = w'(ef) + (mleinefy) —m/(ein el )ulei)  {F(ern),  Fleimin), ¥ (ein), ¥(eirrn), -+ V(ens)} is a

s

basis and it remains to show for Whlchz(ei’heﬁl) =+

= oqulery)+--+a—1ule_1y) " -
m’(e“,e;“jl), we can replacev'(e; ;) by v(e;r) and

+  ajpu(eiprg) + -+ apulen) 10 il have a basis. Suppose thét(ei7k) is dependent on
or {V(err) - V(€im1k), V(€ix1,k), -+ V(enk)}, then:
ﬁ/n(e?l) = oqufer) +--+ai_1u(ei1y) V) = Vleir) +(mlein, 621) —mi(ein e l)) (ei)
+ (m/(eig,efy) —mleis, e y))uleis) = aiV(err) +- +aim1V(eimik) + aip1V(€it1 )
+  aiu(eip) oo+ apuleny)  (11) o anvleny) (14)

We can divide by m(e;i,ef;) — m'(ei,efy) since

Since U; is a basis and sincer’" (e¢7,) is dependent on
! (cfy) is dep mlen, el') £ m(esn,ely),

Ui \ u(e;;), (11) can be maintained ‘only (e, ef)) =

m’(eiu,ef;). Therefore, for any other choice ofi(e; i, ”) Flen)) = 1 (a1 ¥(erp) + -
the vectorii” (e7!,) is independent ot/ \ @ (e},). ThusU}" ol meig,efy) —m/(eigef) "
is a basis. It foIIows from Lemma 1 that sm(:l;” is a basis, +  ai—1v(ei—1k) — V'(eik) + air1V(€it1k)
the setU;" is a basis for anyn(e; ., e}!;) # m’(ei e}y). ot apvlens)) (15)
C. Proof of Theorem 2 Suppose that the representation 6(6”) in the basis
Suppose thatV] = {v/(e1s),---,v'(ens)}, defined {V(err),--- V(eim1 k), V' (eir), V(€it1 k), -, V(enk)} is:
at the Theorem, is a basis. We Want to analyze undeg — Fler ) 4+ B v(eis ) + B (e;
which conditions the set of global coding vectols = (ei2) o (~1’k) fis (~7 L)+ B (“1)6
{v(e1r), -, v(enx)}, obtained after replacingy’(e;, e, + Bipr¥leirre) + oo+ Fuvlens) (16)
to M(ei,z,eﬁl), is also basis. Then in order for (15) to be maintain it is required that:
We divide the sinks into two types: (a) sinks that are at 1

the head ofe};, and (b) other sinks. We have divided the - ; -
sinks into two types since sinks of type (a) are simpler to m(ei, €fy) = m/(eis, €fy)
analyze. In this case}, € C;. sinceey; is incoming intot, If 3; = 0, no choice ofm(ei ., e;) will satisfy this relation.
and without loss of generallty, assura’el = e; . According If 3; # 0, there is a single solution of (17)

to Lemma 1 it suffices to show that the new set of global

= 5 (17)

1
coding vectors of’;, are a basis when for all edges outgoing m(ei,ef;) =m'(eir,ef)) — o (18)
from e, = e; k., the coefficientsn (e, e ) Ve € L\e}, are set !
to zero. Denote a¥! = {¥(e1.x), -, ¥ (ens)} the coding Therefore at most a single choice wf(e; ., ef';) might cause

vectors ofC;, before the replacement@i(eLl, zl)When the the setV, not to be a basis. Note that such a choice,
coefficientsm(e,,e) = O¥e € L\ 7, (and all the rest of m/(ei s efy) — 3; must also be a polynomial in the set we
the coefficients in the network have ‘their true current valuare using for the code. According to Lemma Tif is a basis
Denote asVy, = {V(e14),---,V(ens)} the coding vectors of thenV;, is also a basis.

Cy, after the replacement tfm(ei}l,e;’;l) when the coefficients We turn now our attention to sinks of type (b). Assume
m(ef;,e) = 0,Ve € L\ e;. Forj # i we havev’(e;x) = that the edges outgoing from ;, except(e;,e,), arel'o =
V(ej,x) since when the coefficienta(e’;, e) = 0,Ve € L\e}'; {(eis,e1), -, (ei1,e4)}. The systemG,, defined in Section
the coding vectors of the other edges in the network do nidtA can be expressed as.. = G1 + m(ei,l,eyjl)Gg, where
depend onm(e; e zl) or m/(e; e e ). Similarly, the coding G, is a transfer function, defined &s.. but in the network
vector ofe; ; when the coefficients (e” ef,e) =0Ve € L\ e},  L\(eiy,e};) andm(e; , ej;)G2 is the transfer function defined
does not depend om(e; ;, €] l) orm/(e; el l) and is denoted in G\T'p. The vectorv(e7 1) is the coding vector of; ; when



the coefficients of the edges outgoing frany are all zero. only the coefficientm(ei,l,e;fl) = 0. Due to superposition
Then for an arbitrary coefficient.(e; ;, e7';) the global coding in linear systems, the total transfer function fremy to e;

vector ofe; ; is v(e; ;) and is given by: before replacingn’(e; i, ;) is F} = m/ (e, e} ) F1; + Fa
1 and after the replacement; = mf(e;,ef;)F1; + I
vieir) = V(ein)+ GeeVlie)+--- = ﬁ{’(ei,l) Rearranging terms in (23):
— 1 {',(e ) /
= TG e )G il viejr)—Vv'(ejr)
1 . 1 [ mleipei) Py mi (e e B
-6y (1 M ZJ)GQ)V(Q’Z) w L-mleinef)@ 1= m'(einefy)Q
. : : By I
where we can divide by — G; since G; always contains + = mlein, e )0 1—mi(eir, e )Q v(eir)
the factor D. Define asy(e;;) the coding vector ofe;; L S U,
when m(e;,ef;) = 0. From (19) we observe that when 7 (m(eiu,efy) —m'(ein, efy)) Fi
mein,ef;) =0, v(eir) =y(eis) = ¥(eis)/(1 = Gyp). Thus, -\ (= m(eir, er)Q)(1 —m/ (e, ef))Q)
v(ei) = 1 ! ——y(ei) (20) + (m(ei7l,eﬁl) m/ (€1, € l))QF2,J y(esr)
B m(ei’l’ ei’l)Q (1 - m(ei,h e;zz)Q)(l - (61 ;€ 11
WhergQ = G3/(1 — G1). Note tha'F s'inceGl and G, .bpth (m(eiq,el) —m (el 15 €71)
contain the termD, so does(. Similarly, for coefficient = P
"(e; n (1_m(€i,lveil)Q)(1_ ezl, zl
m’(eiu, ef;) we have, ,
] thj + QF»5)y(ein)
vi(ein) = = milenn, e?’l)QY(ei,l) (21) = f(mlei,ef))) Hj-y(ein), 1 <j<h  (24)
The difference between the two vectors is: where H; = j + QF> ;. We know that before chang-
, ing m(e”, Lz) to m(e;i,ef;) the set of vectorsV =
viei) — vileir) {v'(e1r), -,V (en)} was a basis. We analyze under which
B 1 B 1 (e12) conditions onm(e%l, e;;) the new set of coding vectors
B L—m(ep,e})Q 1 —m/(eir,ef)Q Yy = {v(e1k), -, v(enr)} is also a basis. Suppose the

representation of (e; ;) in basisV is:

- ( m(ei, ep;)Q m’ (e, ef)Q
- -

m(e;,ef;)Q 1 m (e, ey l)Q) ylew) v(ei) = Biv'(err) + Bav'(e2) + -+ + Bnv'(enk) (25)
(m(ei, @21) —m/ (e, 621))@

= (1 —mlei, el )Q)(1 — m’(ei,z,eﬁl)Q)Y(eiJ) We examine independence of the vectors/jnaccording to
’ ’ definition:
= f(m(eiy, e?,z)) Q- yl(ein) (22)
We note thatf (m(e;, €,)) does not diverse to infinity since arv(err) + - +apvienr) =0 (26)
m(e;,ef,)Q (and m (el 1 er l)Q) contains D as a factor
and thus(1 — m(e;, el iy ;)@) never vanishes. Since the lineaff this equation has a solution other than = --- = ay, = 0,

network code is equivalent to a linear system operating on ttiee vectors inV,, are dependent. Using (24):
coding vectors, the new set of vectors at the input of another

sink ¢;, satisfies: o {V/(e1r) + f(m(ei,z,EZz)) CHyy(eig)} + -
viejr) = Vi(ejn) = (mleis,ef)Fiy+ Faj)v(ein) +an{V'(eni) + f(mleis efy)) - Hry(ein)} = 0(27)
(m(ei, i) Frj + Fa )V (ein)

Rearranging terms:
_ (m(ei,l’ er) b+ I

1 —m(eir e})Q v'(e1r) { aa +arf(m(ei,efy)) - Hif
m'(ei, e)) F1j + Fa,j +asf(mlei,ef))) - Hafpy + -+
B 1—m/(e;, eZZ)Q > (ei) +anf(m(ei,ed;)) - Hupi}
1<j<h (23) ot
The rational function®,  is the transfer function from; ; to vi(enk) { an +arf(mieis, efy)) - Hifbn
ek, Whenm(e; ,e) = 0,Ve € To \ (i, €};). The rational +aaf(mleir,e)) - HafBp + -+

function £ ; is the transfer function frone;; to e; x, when +anf(m(ei,ed;))  Hupn} =0 (28)



SinceV)/ is a basis it is required that: be maintained. We could multiply by (m(e;,,e};)), since
7,0y o f 7,0y I ! 2,0y ") Th ’
a1+ ayf(m(ei efy)) - Hifr + asf(m(ei, efy)) - Hafpr +__f(m(e sery)) # 0 0f m(esy,ely) #m/(e;y,€l)). Thus

+ anf(m(ei, ezl)) “Hpfh =0 m(e;, eﬁl)
: (1 - m(eiA,l? e?l)Q)(]‘ - m/(ei,lu e?’l)Q)
/ . n
an + arf(mlei,ef;)) - HiBn + aaf(mlei,efy)) - HafBp + -+ — Zn (ei, €50) / _ !
+ anf(mlei efy)) - Hnfn =0 (29) (1 —=mlei, ef)Q)(1 —m/(eiy, ef))Q) trace(fé)e)
or in matrix notation:
o (65} Or,
! Coloal ™ (30)
fnleer | o |7 mles, o) = , 37
o 6 12 n (1 - m(ei;l’ e?l)Q)(l -m (€i7l’ e?l)Q)
h h m (eiyl’ ei,l) - : tr A :
where acg4)
Hi61 Hefy -+ Hpb where we could multiply by (1 — m(e;,ef;)Q)(1 —
HiBy HafB2 -+ Hpfe m/(ei,€},)Q)) since, as we discussed, it does not vanish to
A= : . .. : (1) zero. Rearranging terms we set,
HiBn HafBp -+ HpPh 1—m'(eis,e")Q
We could have divided by f(m(e;,ef,;)) since miei €i) <1 —@ tracg A) )
f(m(ei,ef;)) = 0 only for m(e; ,e};) = m’(ei,l,ezl), but / 1—m/(ei,e",)Q
we examine the case where(e;, el')) # m’'(ei ,el,). We = m(ei e}y — traca 4) : (38)
see that (30) can be maintained onlydif = --- = a;, = 0
or if A has eigenvalue\ such that: To show that we can divide (38) by the term
1
A= (32) 1—m'(e; ;. en
flm(ei, 6,;71)) 1-Q n: (61,11:16171)62 (39)
rac
In the following we show that a matrix of the form of has &4)
eigenvalue) with multitudeh — 1 and eigenvalue: we have to prove that it does not vanish to zero. Suppose that
A = tracdA) = Hif1 + Hafs + - - + Hyfh (33) it does vanish to zero:
with multitude 1. The rank of theh x h matrix A is 1. 1_ Ql —m'(ei, €)@ —0 (40)
Therefore, the solution of the equatietv = 0 has dimension trace A)
h—1. Thus the geometric multiplicity of the eigenvalie= 0 ) )
is h — 1. The algebraic multiplicity of an eigenvalue is not! Nen according to (38) it follows that,
smaller than the geometric multiplicity [8, proposition(6.4.3)]. , n
, ; oo , 1—m/(ei, €)@
ThereforeA has an eigenvalué of algebraic multiplicity at m’(ei, ery) — — =0 (41)
leasth — 1. Since the sum of the eigenvalues of a matrix o tracg A)
equals its traced also has an eigenvalue trdeg of algebraic )
multiplicity 1. Therefore (40) becomes:
According to (32)A # 0 since f(m(e; 1, ef';)) does not rise 1—m'(eis,e")Q
to infinity. Therefore, we have only to consider= tracd A). 1-@Q trace{A)z’ =1-Qm/(ei1,¢e}y) =0 (42)
Suppose,
. o my .
P 1 — tracd A) (34) But if 1 — Qm/(ei ,e}y) = 0, clearly (40) cannot be main

tained. We conclude that the term in (39) does not vanish
to zero and we can therefore divide (38) by this expression,

f(m(ein, e?,z))

Then according to the definition gf(m(ei ., ef’;),

which yields:
m(e,ef;) —m/(eief)
fm(ei,ely) = — — n 1—m’(ei1,e)Q
. (1 —m(ei,ef))Q)(L —m/ (e, e};)Q) eorsef) = m' (i, efy) — fracem)l “3)
1 35 M€l €)= 1 Ql—m/(ei,z,e?_l)Q
tracg A) (35) racea)

where we could have divided by trdeg), since we al- We conclude that for at most a single choicerafe; ;, e7',),
ready showed that i\ = tracd A) = 0, then (32) cannot the one given in (43), the sé&f. will not be a basis.



Find asetof edges, ,such thaG \ ¢, isacyclic

A 4
— foreachlvzl...,d I

| Find theline graphL, of theflow betweensandsinkt, |
| 4

Inttialize C, :={edgesfrom dummysources' tosources} :={g,,,€,, ...€, }

U, :={columns of hxhunit matrix}

o over theedgesn L, in topologcal orde

and for nextedgee], in pathj do:

m'(e;,, €], ) is the currentcodingcoefficiert betweene,, ande],
cr=(c Ue, )\e“

U" ={partialcodingvector®f C}

Y

Yes

Changethecurrentcodingcoefficiert m'(e;,,€],) into anothercodingcoefficiert
1S, <
m(e,, .€],) accordingosomesnumeratio.
Forsinkt, ,k <1 :
V, ={the codingvector®f thenodesncomingintot, withm'(e, ,e" )}
ComputeV, ={the codingvectorsof thenodesncomingintot, withm(g,€")}
YeSA NO
IsV, abasidorallt,?
Whenlastedgen L, isreached
Vi =y,
Fig. 3. Flow chart of algorithm
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