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I. I NTRODUCTION

Most data networks contain cycles, but so far most attention
in the literature of network coding has been addressed to
multicast in acyclic networks. The original paper on network
coding [1] did consider cyclic networks but there it was
suggested to transform the cyclic network into an acyclic
network using the idea of unrolling the network into a layered
network. This approach has many drawbacks: it achieves
the optimal rate only asymptotically, it leads to time-variant
schemes, it has high encoding and decoding complexities and
it induces large delay. In [2] it was shown that if each edge in
the network has delay, then there exists a time-invariant linear
network code that achieves the optimal rate. This approach
may, again, introduce large delay since each edge has delay
and an efficient construction algorithm is not given. In [3] a
heuristic code construction is given for a linear time-invariant
code, but the construction is not given explicitly and it is not
necessarily efficient.

In this work we give an explicit polynomial time code
construction of an optimal multicast linear network code for
cyclic networks. As it turns out, it is not necessary for every
edge in the network to have delay, as long as we ensure that
in each cycle in the network at least one edge has delay.
Since delay elements are anyway inserted into the network it
seems more natural to focus on convolutional codes for cyclic
networks. Nevertheless, our results in this paper are directly
applicable for block codes.

II. N OTATIONS AND PRECODING

Consider a cyclic, unit capacity networkG = (V, E) where
parallel edges are allowed. There is a single source nodes
and a set ofd sinks T = {t1, · · · , td}. Denote byh the size
of the minimal individual min-cut betweens and any of the
sinks. LetF (D) denote the ring of polynomials over the binary
field with variableD. The variableD is a unit time shift. For
convenience, as in [6], we add a dummy sources′ connected
to sources with h edges{e0

1, . . . , e
0
h}.

Similarly to [2], we define the directed line graph of
G = (V,E) as L(V, E) with vertex setV = E ∪ s ∪
s′ ∪ T ∪ {e0

1, . . . , e
0
h} and edge setE = {(e, e′) ∈ E2 :

head(e) = tail(e′)} ∪ {(s, e) : e outgoing froms} ∪ {(e, ti) :
e incoming toti, 1 ≤ i ≤ d} ∪ {(s′, e0

1), . . . , (s
′, e0

h)} ∪
{(e0

1, s), . . . , (e
0
h, s)}. We consider in the rest of the paper the

line graphL(V, E). We denote nodes ofL ase ∈ V, and the
edges as(e, e′) ∈ E . If there areh edge-disjoint paths between
s andt in G, there are correspondingh node-disjoint paths in
L.

Node e ∈ L is associated with anh-dimensional vector
global coding vectorv(e), with elements fromF (D). The set

of edges incoming into nodee is Γin(e) and m(ei, e) is the
coding coefficient of edge(ei, e). Denote byF [D] the field of
rational functions over the binary field with variableD. The
code can be used for multicasting froms to T = {t1, · · · , td}
if and only if for all t ∈ T , the global coding vectors at the
nodes incoming intot span the spaceF [D]h.

It is assumed that prior to the code construction, all the
coding coefficients in the network are set to zero. We have
to choose a set of edgesED in G, such that if we eliminate
them from the networkG there will be no directed cycles.
The nodes corresponding toED in L(V, E) are denoted by
ED. For edges outgoing from nodes not inED we draw the
coding coefficients among polynomials with degree at most
M , for someM we will later determine. For edges outgoing
from nodes inED we draw the coding coefficients among
polynomials with degree at mostM , and multiply the result
by D. Therefore the set of polynomials we can draw from has
the same size for edges outgoing from either nodes inED or
nodes not inED, but edges outgoing from nodes inED always
introduce at least a single delay. Thus we are guaranteed that
each cycle contains at least a single delay.

In order to minimize the delay, it is desired to mini-
mize |ED|, or equivalently|ED| in the original networkG.
Finding the minimal setED is essentially the known, long
standing problem of finding the minimal arc feedback set.
This problem is NP-hard [4]. The best known approximation
algorithm with polynomial complexity achieves performance
ratio O(log |V | log log |V |) [5]. For our purposes, we can use
approximate solutions and insert enough delays in the cycles,
before we begin our design algorithm.

III. C ODE CONSTRUCTION

The code construction algorithm goes in steps over the
terminals. In thel-th step of the algorithm we consider a
subgraphLl of L that consists only of the nodes and edges
that participate in the flow froms to the sinktl. Without loss
of generality, we assume thatL is given by:

L = ∪l=1,...,dLl (1)

We can make this assumption, because if there were in the
original line graphL nodes that do not participate in any of the
flows, we can remove them from the network, and still achieve
the same optimal rate. For each nodee ∈ Ll the algorithm will
eventually define a coding coefficientm(e, e′) ∈ F (D) for the
edge(e, e′) that connects this node to the nodee′ that follows
it in the flow. At the beginning of thel-step some of the edges
may already have coding coefficients assigned at the previous
steps. These coefficients are updated during thel-step, in a
manner given in the following.



The algorithm goes over the nodese ∈ Ll in a topo-
logical order. This is possible sinceLl is acyclic as it can
be decomposed intoh paths and cycles can be eliminated
from each path. The algorithm maintains a list ofh nodes
Cl, each belongs to a different path and this list includes
the current node. Initially,Cl = {e0

1, . . . , e
0
h}. Suppose the

algorithm reaches a nodeei,l (the subscripti indicates that
the node belongs to thei-th path in the flow). Denote by
Pj,l, j = 1, . . . , h thejth path of the flow froms to tl. Denote
by pj,l the subset of pathPj,l consisting of all nodes following
the nodeej,l ∈ Cl in Pj,l (not includingej,l). We definecj,l

as the set of coding coefficients of edges with tail inpj,l and
head inL \ pj,l. We definerl as the union of these sets of
coefficients:

rl = ∪1≤j≤hcj,l (2)

In Figure 1 a schematic illustration ofCl is given, in which the
coefficients inrl are specified and set to zero. Observe that
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Fig. 1. A schematic illustration ofCl = {e1,l, · · · , eh,l} andpj,l

all the coefficients inrl correspond to edges outgoing from
nodes that follow the nodes inCl in the topological order.

We define for each nodee ∈ Cl a “partial” coding vector
u(e) in the same manner as the global coding vectorv(e) is
defined for that node, but with all the coefficients inrl set to
zero. LetVl = {v(e) : e ∈ Cl} and Ul = {u(e) : e ∈ Cl}.
Initially, the vectors inUl are the columns of theh × h unit
matrix.

We recall that the algorithm of [6] ensured that the setVl

will span F [D]h throughout its stages. Unfortunately, in our
case of cyclic network this is not sufficient to ensure that the
network code is decodable at the sink. The reason is that there
are coefficients that affect elements ofVl, whose value may
change later in the algorithm. To see this, consider the example
illustrated in Figure 2. The dashed edges are inLk for some
k < l, but not inLl. The other edges are inGl. In this example
h = 2. The coefficientsm(·, ·) were determined in previous
steps, for other sinks. The current nodes inCl aree1,l ande2,l.
Suppose we have reacheden

2,l in the topological order and we
examine now whether to change the value ofm(e2,l, e

n
2,l).

Since v(en
2,l) and v(e1,l) are already a basis, the previous

value m(e2,l, e
n
2,l) = 0 remains. Next we reachen

1,l in the
topological order and we need to determinem(e1,l, e

n
1,l). But

for any value ofm(e1,l, e
n
1,l), we havev(en

1,l) = v(en
2,l) and

the new set of vectors cannot be a basis!
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Fig. 2. Example of a bad code

On the other hand, a sufficient condition to ensure that the
network code is decodable at the sink is to require that the
set Ul will span F [D]h. This is why we definedUl. As will
be seen below, the algorithm can progress and maintainUl as
a basis up to the end of stepl, whenCl becomes the set of
nodes incoming intotl. In this event the setspj,l, 1 ≤ j ≤ h
are empty and accordinglyrl is empty, and soVl = Ul. Thus
the condition onUl is equivalent to the condition in [7] for
acyclic networks and the original input can be reconstructed
from the information carried by the edges incoming intotl.

Continuing with the algorithm, it reaches the nodeei,l,
maintaining the listCl where the setUl = {u(e) : e ∈ Cl} is
a basis. At this stage it replacesei,l with a new nodeen

i,l that
follows it in Pi,l, and generates a new listCn

l = Cl∪ en
i,l \ ei,l.

The subset of pathi consisting of all nodes following nodes
en
i,l in path i is updated:

pn
i,l = pi,l \ en

i,l (3)

Accordingly,cn
i,l is the set of coding coefficients of edges with

tail in pn
i,l and head inL \ pn

i,l andrn
l is also changed to:

rn
l = ∪1≤j≤h,j 6=icj,l ∪ cn

i,l (4)

We have a new set of partial coding vectorsUn
l =

{un(e1,l), · · · ,un(en
i,l), · · · ,un(eh,l)}, defined when the coef-

ficients inrn
l are set to zero. The algorithm has to determine

the coding coefficient betweenei,l and the new nodeen
i,l so

that Un
l is a basis. Letm′(ei,l, e

n
i,l) be the coding coefficient

between these nodes before this stage of the algorithm, and
let m(ei,l, e

n
i,l) be the coefficient determined at the end of



the stage. IfUn
l is not a basis, we have to change the old

coefficient m′(ei,l, e
n
i,l) into another coefficientm(ei,l, e

n
i,l).

Consider the following theorem we prove in Section IV:
Theorem 1:Suppose that with the coefficientm′(ei,l, e

n
i,l)

the setUn
l is not a basis. Then by changing it to any other

valuem(ei,l, e
n
i,l) the setUn

l will be a basis.
Unfortunately, changingm′(ei,l, e

n
i,l) to an arbitrary value

may affect the sinks treated in the previous steps of the
algorithm. Thus, if the coding coefficient has to be replaced
(i.e., whenUn

l is not a basis) before replacing it to a new value
we need to analyze its effect on the other sinks. Specifically,
let Ck be the set of nodes incoming into the sinktk, k < l.
We have the following theorem:

Theorem 2:Denote by V ′
k = {v′(e1,k), · · · ,v′(eh,k)},

ej,k ∈ Ck, the set of global coding vectors of the nodes
incoming intotk before changingm′(ei,l, e

n
i,l) to m(ei,l, e

n
i,l).

If V ′
k is a basis, then after the replacement at most a single

value ofm(ei,l, e
n
i,l) will cause the new set of global coding

vectorsVk = {v(e1,k), · · · ,v(eh,k)} not to be a basis.
Based on these theorems, the procedure for replacing

m′(ei,l, e
n
i,l) is as follows. Ifm′(ei,l, e

n
i,l) must be replaced i.e.,

Un
l is not a basis, we pick a new valuem(ei,l, e

n
i,l) according

to some enumeration. We then check, using the procedure
given in the proof of Theorem 2 below, if the independence
condition is satisfied for all sinks. If the condition is not
satisfied for all sinks, we pick the next coefficientm(ei,l, e

n
i,l)

in the enumeration. Since for each sink only a single choice
of m(ei,l, e

n
i,l) is bad, if we have more thand coefficients to

choose from, we are guaranteed to have at least a single choice
which is good for all previous sinks.

The l-step of the algorithm continues until it reaches the
sink tl, and the algorithm terminates when it goes over alld
sinks.

A flow chart of the algorithm is given in Figure 3.

IV. PROOFS OFTHEOREMS ANDLEMMAS

A. Lemma 1

Lemma 1:Let {e1, · · · , eh} be a set of nodes and let
W = {w(e1), · · · ,w(ei), · · · ,w(eh)}, be their coding vec-
tors, which may be partial or global coding vectors. Picki and
consider the coding vectors of the same set of nodesW̃ =
{w̃(e1), · · · , w̃(ei), · · · , w̃(eh)}, where we setm(ei, e) = 0
for ∀e ∈ L. The setW is a basis if and only if the set̃W is
a basis.

We start with the ”if” direction. We find the relation between
W̃ andW . The only difference is that in the definition of̃W
m(ei, e) = 0 for ∀e ∈ L\ei. Suppose thatm(ei, e), ∀e ∈ L\ei

are now set to their true values. Since the code is linear, the
effect of the network on the coding vector ofei is a linear
system. We split nodeei into 3 nodes:etail, emid andehead,
which are connected by edges(etail, emid) and(emid, ehead).
We can find a rational functionGee with a variableD which
represents the transfer function of the linear system from node
ehead to node etail in the networkL \ emid. The rational
function Gee contains the factorD since each cycle must
contain the factorD in at least one of its edges, as explained

in Section II. The resulting vector whenm(ei, e),∀e ∈ L \ ei

are set to their true values is:

w(ei) = w̃(ei) + Geew̃(ei) + G2
eew̃(ei) · · · = 1

1−Gee
w̃(ei)

(5)
The factor1−Gee never vanishes sinceGee includes the factor
D. The other vectors are given by:

w(ej) = w̃(ej) + Fij
1

1−Gee
w̃(ei), j 6= i (6)

whereFij is the transfer function fromei to ej . The vectors in
W can represent rows of some matrixA. Likewise, the vectors
in W̃ can represent rows of some matrix̃A. The matricesA
and Ã have the same rank, sinceA can be reached from̃A
by multiplication of a row by a non-zero factor and adding a
multiplication of this row to the other rows. Therefore if̃A is
full rank, as implied by the conditions of the lemma, so isA.

For the opposite direction, the relation betweenw̃(ei) and
w(ei) is

w̃(ei) = (1−Gee)w(ei) (7)

The other vectors are given by:

w̃(ej) = w(ej)−Fijw(ei) = w(ej)−Fij
1

1−Gee
w̃(ei), j 6= i

(8)
Similarly to the above, the matricesA and Ã have the same
rank, sinceÃ can be reached fromA by multiplication of a
row by a non-zero factor and subtracting a multiplication of
this row from the other rows. Therefore ifA is a basis so is
the setÃ.

B. Proof of Theorem 1

Let Ũn
l = {ũn(e1,l), · · · , ũn(en

i,l), · · · , ũn(eh,l)} denote the
coding vectors ofCn

l when all the coefficients inrl are set
to zero. That is, unlike inUn

l , in the definition of Ũn
l the

coefficients of the edges outgoing fromen
i,l are set to zero,

as well as the coefficients inrn
l . In the definition of Ũn

l ,
it is assumed that the new valuem(ei,l, e

n
i,l) is used, while

we denote byŨ ′n
l = {ũ′n(e1,l), · · · , ũ′n(en

i,l), · · · , ũ′
n
(eh,l)}

the corresponding set withm′(ei,l, e
n
i,l). Assume thatUl =

{u(e1,l), · · · ,u(ei,l), · · · ,u(eh,l)} is a basis, and recall that
Ul is also defined when all the coefficients inrl are zero.
From these definitions we have:

ũn(en
i,l) = ũ′

n
(en

i,l)+(m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l))u(ei,l) (9)

The vector ũ′
n
(en

i,l) is the coding vector ofen
i,l when the

coefficients inrl are set to zero, before the replacement of
m′(ei,l, e

n
i,l). The vectorũ′

n
(en

i,l) may include contributions
from all edges incoming intoen

i,l. In (9) the vectoru(ei,l) is
independent ofm′(ei,l, e

n
i,l) or m(ei,l, e

n
i,l) since there is no

feedback fromen
i,l to ei,l when the coefficientsm(en

i,l, e) are
set to zero∀e ∈ L \ en

i,l.
We assumed that the previous set of partial coding vectors

Ul = {u(e1,l), · · · ,u(ei,l), · · · ,u(eh,l)} is a basis. We want to
show that the set̃Un

l = {ũn(e1,l), · · · , ũn(en
i,l), · · · , ũn(eh,l)}

is also a basis. We have the relationUl\u(ei,l) = Ũn
l \ũn(en

i,l)



since both sets are defined with the coefficients inrl set to
zero. It follows that the vectors in the set̃Un

l \ ũn(en
i,l) =

{ũn(e1,l), · · · , ũn(ei−1,l), ũn(ei+1,l), · · · , ũn(eh,l)} are inde-
pendent. It remains to show that̃un(en

i,l) is independent of

Ũn
l \ ũn(en

i,l). The vectorũ′
n
(en

i,l) in (9) is dependent on
Ũn

l \ ũn(en
i,l) because otherwise according to Lemma 1 the

setUn
l with m′(ei,l, e

n
i,l) would be a basis and we would not

have to changem′(ei,l, e
n
i,l) to anotherm(ei,l, e

n
i,l). Trivially,

it follows that the vector̃u′
n
(en

i,l) is dependent onUl\u(ei,l).
If the new ũn(en

i,l) depends oñUn
l \ ũn(en

i,l) = Ul \ u(ei,l)
then:

ũn(en
i,l) = ũ′

n
(en

i,l) + (m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l))u(ei,l)

= α1u(e1,l) + · · ·+ αi−1u(ei−1,l)
+ αi+1u(ei+1,l) + · · ·+ αhu(eh,l) (10)

or

ũ′
n
(en

i,l) = α1u(e1,l) + · · ·+ αi−1u(ei−1,l)
+ (m′(ei,l, e

n
i,l)−m(ei,l, e

n
i,l))u(ei,l)

+ αi+1u(ei+1,l) + · · ·+ αhu(eh,l) (11)

Since Ul is a basis and sincẽu′
n
(en

i,l) is dependent on
Ul \ u(ei,l), (11) can be maintained only ifm(ei,l, e

n
i,l) =

m′(ei,l, e
n
i,l). Therefore, for any other choice ofm(ei,l, e

n
i,l)

the vectorũn(en
i,l) is independent of̃Un

l \ ũn(en
i,l). ThusŨn

l

is a basis. It follows from Lemma 1 that sincẽUn
l is a basis,

the setUn
l is a basis for anym(ei,l, e

n
i,l) 6= m′(ei,l, e

n
i,l).

C. Proof of Theorem 2

Suppose thatV ′
k = {v′(e1,k), · · · ,v′(eh,k)}, defined

at the Theorem, is a basis. We want to analyze under
which conditions the set of global coding vectorsVk =
{v(e1,k), · · · ,v(eh,k)}, obtained after replacingm′(ei,l, e

n
i,l)

to m(ei,l, e
n
i,l), is also basis.

We divide the sinks into two types: (a) sinks that are at
the head ofen

i,l and (b) other sinks. We have divided the
sinks into two types since sinks of type (a) are simpler to
analyze. In this caseen

i,l ∈ Ck sinceen
i,l is incoming intotk

and without loss of generality, assumeen
i,l = ei,k. According

to Lemma 1 it suffices to show that the new set of global
coding vectors ofCk are a basis when for all edges outgoing
from en

i,l = ei,k, the coefficientsm(en
i,l, e), ∀e ∈ L\en

i,l are set
to zero. Denote as̃V ′

k = {ṽ′(e1,k), · · · , ṽ′(eh,k)} the coding
vectors ofCk before the replacement ofm′(ei,l, e

n
i,l) when the

coefficientsm(en
i,l, e) = 0∀e ∈ L \ en

i,l (and all the rest of
the coefficients in the network have their true current value).
Denote asṼk = {ṽ(e1,k), · · · , ṽ(eh,k)} the coding vectors of
Ck after the replacement tom(ei,l, e

n
i,l) when the coefficients

m(en
i,l, e) = 0, ∀e ∈ L \ en

i,l. For j 6= i we haveṽ′(ej,k) =
ṽ(ej,k) since when the coefficientsm(en

i,l, e) = 0,∀e ∈ L\en
i,l

the coding vectors of the other edges in the network do not
depend onm(ei,l, e

n
i,l) or m′(ei,l, e

n
i,l). Similarly, the coding

vector ofei,l when the coefficientsm(en
i,l, e) = 0∀e ∈ L \ en

i,l

does not depend onm(ei,l, e
n
i,l) or m′(ei,l, e

n
i,l) and is denoted

as ṽ(ei,l). Whenm′(ei,l, e
n
i,l) is replaced bym(ei,l, e

n
i,l), the

new vectorṽ(en
i,l) is related to the old vector̃v′(en

i,l) as:

ṽ(en
i,l) = ṽ′(en

i,l) + (m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l))ṽ(ei,l) (12)

or equivalently,

ṽ(ei,k) = ṽ′(ei,k)+(m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l))ṽ(ei,l) (13)

We know that before changingm′(ei,l, e
n
i,l) to m(ei,l, e

n
i,l)

the set of vectorsV ′
k = {v′(e1,k), · · · ,v′(eh,k)} was a

basis. Therefore according to Lemma 1 (the ”only if” di-
rection), the setṼ ′

k = {ṽ′(e1,k), · · · , ṽ′(ei,k), · · · , ṽ′(eh,k)}
is also a basis. It follows trivially that the set of vectors
{ṽ(e1,k), · · · , ṽ(ei−1,k), ṽ′(ei,k), ṽ(ei+1,k), · · · , ṽ(eh,k)} is a
basis and it remains to show for whichm(ei,l, e

n
i,l) 6=

m′(ei,l, e
n
i,l), we can replace ṽ′(ei,k) by ṽ(ei,k) and

still have a basis. Suppose that̃v(ei,k) is dependent on
{ṽ(e1,k), · · · , ṽ(ei−1,k), ṽ(ei+1,k), · · · , ṽ(eh,k)}, then:

ṽ(ei,k) = ṽ′(ei,k) + (m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l))ṽ(ei,l)

= α1ṽ(e1,k) + · · ·+ αi−1ṽ(ei−1,k) + αi+1ṽ(ei+1,k)
+ · · ·+ αhṽ(eh,k) (14)

We can divide by m(ei,l, e
n
i,l) − m′(ei,l, e

n
i,l) since

m(ei,l, e
n
i,l) 6= m′(ei,l, e

n
i,l),

ṽ(ei,l) =
1

m(ei,l, en
i,l)−m′(ei,l, en

i,l)
(α1ṽ(e1,k) + · · ·

+ αi−1ṽ(ei−1,k)− ṽ′(ei,k) + αi+1ṽ(ei+1,k)
+ · · ·+ αhṽ(eh,k)) (15)

Suppose that the representation ofṽ(ei,l) in the basis
{ṽ(e1,k), · · · , ṽ(ei−1,k), ṽ′(ei,k), ṽ(ei+1,k), · · · , ṽ(eh,k)} is:

ṽ(ei,l) = β1ṽ(e1,k) + · · ·+ βi−1ṽ(ei−1,k) + βiṽ′(ei,k)
+ βi+1ṽ(ei+1,k) + · · ·+ βhṽ(eh,k) (16)

Then in order for (15) to be maintain it is required that:

− 1
m(ei,l, en

i,l)−m′(ei,l, en
i,l)

= βi (17)

If βi = 0, no choice ofm(ei,l, e
n
i,l) will satisfy this relation.

If βi 6= 0, there is a single solution of (17)

m(ei,l, e
n
i,l) = m′(ei,l, e

n
i,l)−

1
βi

(18)

Therefore at most a single choice ofm(ei,l, e
n
i,l) might cause

the set Ṽk not to be a basis. Note that such a choice,
m′(ei,l, e

n
i,l) − 1

βi
must also be a polynomial in the set we

are using for the code. According to Lemma 1 ifṼk is a basis
thenVk is also a basis.

We turn now our attention to sinks of type (b). Assume
that the edges outgoing fromei,l, except(ei,l, e

n
i,l), areΓO =

{(ei,l, e1), · · · , (ei,l, eq)}. The systemGee defined in Section
IV-A can be expressed asGee = G1 + m(ei,l, e

n
i,l)G2, where

G1 is a transfer function, defined asGee but in the network
L\(ei,l, e

n
i,l) andm(ei,l, e

n
i,l)G2 is the transfer function defined

in G\ΓO. The vector̃v(ei,l) is the coding vector ofei,l when



the coefficients of the edges outgoing fromei,l are all zero.
Then for an arbitrary coefficientm(ei,l, e

n
i,l) the global coding

vector ofei,l is v(ei,l) and is given by:

v(ei,l) = ṽ(ei,l) + Geeṽ(ei,l) + · · · = 1
1−Gee

ṽ(ei,l)

=
1

1−G1 −m(ei,l, en
i,l)G2

ṽ(ei,l)

=
1

(1−G1)
(
1− m(ei,l,en

i,l
)G2

1−G1

) ṽ(ei,l) (19)

where we can divide by1 − G1 since G1 always contains
the factor D. Define asy(ei,l) the coding vector ofei,l

when m(ei,l, e
n
i,l) = 0. From (19) we observe that when

m(ei,l, e
n
i,l) = 0, v(ei,l) = y(ei,l) = ṽ(ei,l)/(1−G1). Thus,

v(ei,l) =
1

1−m(ei,l, en
i,l)Q

y(ei,l) (20)

whereQ = G2/(1 − G1). Note that sinceG1 and G2 both
contain the termD, so doesQ. Similarly, for coefficient
m′(ei,l, e

n
i,l) we have,

v′(ei,l) =
1

1−m′(ei,l, en
i,l)Q

y(ei,l) (21)

The difference between the two vectors is:

v(ei,l) − v′(ei,l)

=

(
1

1−m(ei,l, en
i,l)Q

− 1
1−m′(ei,l, en

i,l)Q

)
y(ei,l)

=

(
m(ei,l, e

n
i,l)Q

1−m(ei,l, en
i,l)Q

− m′(ei,l, e
n
i,l)Q

1−m′(ei,l, en
i,l)Q

)
y(ei,l)

=
(m(ei,l, e

n
i,l)−m′(ei,l, e

n
i,l))Q

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)
y(ei,l)

∆= f(m(ei,l, e
n
i,l)) ·Q · y(ei,l) (22)

We note thatf(m(ei,l, e
n
i,l)) does not diverse to infinity since

m(ei,l, e
n
i,l)Q (and m′(ei,l, e

n
i,l)Q) contains D as a factor

and thus(1−m(ei,l, e
n
i,l)Q) never vanishes. Since the linear

network code is equivalent to a linear system operating on the
coding vectors, the new set of vectors at the input of another
sink tk satisfies:

v(ej,k)− v′(ej,k) = (m(ei,l, e
n
i,l)F1,j + F2,j)v(ei,l)

− (m′(ei,l, e
n
i,l)F1,j + F2,j)v′(ei,l)

=

(
m(ei,l, e

n
i,l)F1,j + F2,j

1−m(ei,l, en
i,l)Q

− m′(ei,l, e
n
i,l)F1,j + F2,j

1−m′(ei,l, en
i,l)Q

)
y(ei,l),

1 ≤ j ≤ h (23)

The rational functionF1,j is the transfer function fromei,l to
ej,k, whenm(ei,l, e) = 0, ∀e ∈ ΓO \ (ei,l, e

n
i,l). The rational

function F2,j is the transfer function fromei,l to ej,k, when

only the coefficientm(ei,l, e
n
i,l) = 0. Due to superposition

in linear systems, the total transfer function fromei,l to ej,k

before replacingm′(ei,l, e
n
i,l) is F ′j = m′(ei,l, e

n
i,l)F1,j + F2,j

and after the replacementFj = m(ei,l, e
n
i,l)F1,j + F2,j .

Rearranging terms in (23):

v(ej,k)−v′(ej,k)

=

(
m(ei,l, e

n
i,l)F1,j

1−m(ei,l, en
i,l)Q

− m′(ei,l, e
n
i,l)F1,j

1−m′(ei,l, en
i,l)Q

+
F2,j

1−m(ei,l, en
i,l)Q

− F2,j

1−m′(ei,l, en
i,l)Q

)
y(ei,l)

=

(
(m(ei,l, e

n
i,l)−m′(ei,l, e

n
i,l))F1,j

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)

+
(m(ei,l, e

n
i,l)−m′(ei,l, e

n
i,l))QF2,j

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)

)
y(ei,l)

=

(
(m(ei,l, e

n
i,l)−m′(ei,l, e

n
i,l))

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)

)

(F1,j + QF2,j)y(ei,l)
= f(m(ei,l, e

n
i,l)) ·Hj · y(ei,l), 1 ≤ j ≤ h (24)

where Hj ≡ F1,j + QF2,j . We know that before chang-
ing m′(ei,l, e

n
i,l) to m(ei,l, e

n
i,l) the set of vectorsV ′

k =
{v′(e1,k), · · · ,v′(eh,k)} was a basis. We analyze under which
conditions on m(ei,l, e

n
i,l) the new set of coding vectors

Vk = {v(e1,k), · · · ,v(eh,k)} is also a basis. Suppose the
representation ofy(ei,l) in basisV ′

k is:

y(ei,l) = β1v′(e1,k) + β2v′(e2,k) + · · ·+ βhv′(eh,k) (25)

We examine independence of the vectors inVk according to
definition:

α1v(e1,k) + · · ·+ αhv(eh,k) = 0 (26)

If this equation has a solution other thanα1 = · · · = αh = 0,
the vectors inVk are dependent. Using (24):

α1 {v′(e1,k) + f(m(ei,l, e
n
i,l)) ·H1y(ei,l)}+ · · ·

+ αh{v′(eh,k) + f(m(ei,l, e
n
i,l)) ·Hhy(ei,l)} = 0 (27)

Rearranging terms:

v′(e1,k) { α1 + α1f(m(ei,l, e
n
i,l)) ·H1β1

+α2f(m(ei,l, e
n
i,l)) ·H2β1 + · · ·

+αhf(m(ei,l, e
n
i,l)) ·Hhβ1}

+ · · ·+
v′(eh,k) { αh + α1f(m(ei,l, e

n
i,l)) ·H1βh

+α2f(m(ei,l, e
n
i,l)) ·H2βh + · · ·

+αhf(m(ei,l, e
n
i,l)) ·Hhβh} = 0 (28)



SinceV ′
k is a basis it is required that:

α1 + α1f(m(ei,l, e
n
i,l)) ·H1β1 + α2f(m(ei,l, e

n
i,l)) ·H2β1 + · · ·

+ αhf(m(ei,l, e
n
i,l)) ·Hhβ1 = 0

...

αh + α1f(m(ei,l, e
n
i,l)) ·H1βh + α2f(m(ei,l, e

n
i,l)) ·H2βh + · · ·

+ αhf(m(ei,l, e
n
i,l)) ·Hhβh = 0 (29)

or in matrix notation:

− 1
f(m(ei,l, en

i,l))




α1

α2

...
αh


 = A




α1

α2

...
αh


 (30)

where

A =




H1β1 H2β1 · · · Hhβ1

H1β2 H2β2 · · · Hhβ2

... · · · .. .
...

H1βh H2βh · · · Hhβh


 (31)

We could have divided by f(m(ei,l, e
n
i,l)) since

f(m(ei,l, e
n
i,l)) = 0 only for m(ei,l, e

n
i,l) = m′(ei,l, e

n
i,l), but

we examine the case wherem(ei,l, e
n
i,l) 6= m′(ei,l, e

n
i,l). We

see that (30) can be maintained only ifα1 = · · · = αh = 0
or if A has eigenvalueλ such that:

λ = − 1
f(m(ei,l, en

i,l))
(32)

In the following we show that a matrix of the form ofA has
eigenvalue0 with multitudeh− 1 and eigenvalue:

λ = trace(A) = H1β1 + H2β2 + · · ·+ Hhβh (33)

with multitude 1. The rank of theh × h matrix A is 1.
Therefore, the solution of the equationAv = 0 has dimension
h−1. Thus the geometric multiplicity of the eigenvalueλ = 0
is h − 1. The algebraic multiplicity of an eigenvalue is not
smaller than the geometric multiplicity [8, proposition(6.4.3)].
ThereforeA has an eigenvalue0 of algebraic multiplicity at
least h − 1. Since the sum of the eigenvalues of a matrix
equals its trace,A also has an eigenvalue trace(A) of algebraic
multiplicity 1.

According to (32)λ 6= 0 sincef(m(ei,l, e
n
i,l)) does not rise

to infinity. Therefore, we have only to considerλ = trace(A).
Suppose,

λ = − 1
f(m(ei,l, en

i,l))
= trace(A) (34)

Then according to the definition off(m(ei,l, e
n
i,l),

f(m(ei,l, e
n
i,l)) =

m(ei,l, e
n
i,l)−m′(ei,l, e

n
i,l)

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)

= − 1
trace(A)

(35)

where we could have divided by trace(A), since we al-
ready showed that ifλ = trace(A) = 0, then (32) cannot

be maintained. We could multiply byf(m(ei,l, e
n
i,l)), since

f(m(ei,l, e
n
i,l)) 6= 0 if m(ei,l, e

n
i,l) 6= m′(ei,l, e

n
i,l). Thus,

m(ei,l, e
n
i,l)

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)

=
m′(ei,l, e

n
i,l)

(1−m(ei,l, en
i,l)Q)(1−m′(ei,l, en

i,l)Q)
− 1

trace(A)
(36)

Or,

m(ei,l, e
n
i,l) = (37)

m′(ei,l, e
n
i,l)−

(1−m(ei,l, e
n
i,l)Q)(1−m′(ei,l, e

n
i,l)Q)

trace(A)

where we could multiply by (1 − m(ei,l, e
n
i,l)Q)(1 −

m′(ei,l, e
n
i,l)Q)) since, as we discussed, it does not vanish to

zero. Rearranging terms we set,

m(ei,l, e
n
i,l)

(
1−Q

1−m′(ei,l, e
n
i,l)Q

trace(A)

)

= m′(ei,l, e
n
i,l)−

1−m′(ei,l, e
n
i,l)Q

trace(A)
(38)

To show that we can divide (38) by the term

1−Q
1−m′(ei,l, e

n
i,l)Q

trace(A)
(39)

we have to prove that it does not vanish to zero. Suppose that
it does vanish to zero:

1−Q
1−m′(ei,l, e

n
i,l)Q

trace(A)
= 0 (40)

Then according to (38) it follows that,

m′(ei,l, e
n
i,l)−

1−m′(ei,l, e
n
i,l)Q

trace(A)
= 0 (41)

Therefore (40) becomes:

1−Q
1−m′(ei,l, e

n
i,l)Q

trace(A)
= 1−Qm′(ei,l, e

n
i,l) = 0 (42)

But if 1 − Qm′(ei,l, e
n
i,l) = 0, clearly (40) cannot be main-

tained. We conclude that the term in (39) does not vanish
to zero and we can therefore divide (38) by this expression,
which yields:

m(ei,l, e
n
i,l) =

m′(ei,l, e
n
i,l)−

1−m′(ei,l,e
n
i,l)Q

trace(A)

1−Q
1−m′(ei,l,en

i,l
)Q

trace(A)

(43)

We conclude that for at most a single choice ofm(ei,l, e
n
i,l),

the one given in (43), the setVk will not be a basis.
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Fig. 3. Flow chart of algorithm
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